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Zusammenfassung
Strömungsprozesse von Gasen, und davon abhängige Wärme- und Stoﬀtransportvorgänge in
kleinsten Kanälen oder porösen Strukturen, sind für viele technische Anwendungen in diversen
Ingenieurdisziplinen relevant. Diese so genannten Mikroströmungen treten zum Beispiel in
geometrisch deﬁnierten Mikrokanälen von mikro- und nanoelektromechanischen Systemen
(MEMS/NEMS) oder in hochporösen Katalysatorstrukturen auf, wobei das Strömungsver-
halten unter anderem den Wärmeübergang und den Umsatz von Gasphasenreaktionen maßge-
blich beeinﬂusst.
In Mikroströmungen beﬁndet sich das strömende Gas in einem Zustand, der als verdünnt
(engl. rareﬁed) bezeichnet wird. Dies ist der Fall, wenn der Abstand der Fließbegrenzung
(z.B. Porendurchmesser) in der Größenordnung der mittleren freien Weglänge λ des Gases
liegt. Das Verhältnis von λ zu einer charakteristischen Länge  wird als Knudsenzahl Kn
bezeichnet welche reziprok proportional zu  und dem Druck des Gases ist. Somit können
auch Gase in größeren Objekten verdünnt sein, wenn der Druck sehr gering ist. Dies ist
beispielsweise in der Vakuumtechnik oder der Raumfahrt der Fall.
Abhängig von der dimensionslos quantiﬁzierten Verdünnung zeigt sich, dass die kontinu-
umsmechanische Behandlung von Strömungen in und um sehr kleine Geometrien in vielen
Fällen nicht möglich ist. Verdünnte Strömungen verhalten sich gänzlich anders als Kontinu-
umsströmungen. Somit kann die Forschung an Mikroströmungen zum Erkenntnisgewinn und
generellen Verständnis von verdünnten Gasströmungen beitragen.
Kern dieser Arbeit ist die Modellierung von Gasströmungen in Mikrokanälen mit gle-
ichbleibendem und sich über die Kanallänge veränderndem Querschnitt. Ein Mikrokanal
ist als einfachste denkbare Geometrie eines verdünnten Strömungsvorgangs sowohl Teil von
MEMS als auch ein Modell für komplexere Strukturen. Wenn die Physik der Strömung in
Mikrokanälen durch ein Modell korrekt wiedergegeben werden kann, trägt dies zum generellen,
phänomenologischen Verständnis von Strömungsprozessen bei. Eine mathematische For-
mulierung, welche die prediktive, nichtempirische Bestimmung von integralen Strömungspa-
rametern (z.B. Druckverlust oder Massenﬂussrate) erlaubt, ist somit nicht nur ein nützliches
Werkzeug zur Auslegung von Bauteilen in MEMS/NEMS, sondern erlaubt auch den Gewinn
neuer, grundlegender Erkenntnisse.
Konsequenterweise ist die Zusammenstellung und Analyse existierender Modellierungsansätze
für verdünnte Gasströmungen grundlegender Bestandteil der vorliegenden Arbeit. Es wer-
den generelle Schwächen von Transportmodellen aufgezeigt, die dem aktuellen Stand der
Forschung entsprechen. Die analysierten Unzulänglichkeiten existierender Modelle stellen
gleichwohl die Motivation zur Entwicklung eines alternativen Ansatzes dar.
Im Rahmen dieser Doktorarbeit ist ein Transportmodell entwickelt worden, welches auf der
Superposition von Stoﬀtransportmechanismen beruht und unabhängig vom Verdünnungs-
grad gültig ist. Dieses Modell wird anhand einer eingangs aufgestellten Hypothese über die
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verdünnte Strömung durch Kanäle mit leicht veränderlichem Querschnitt entwickelt. Das
mathematische, auf der entwickelten Hypothese beruhende Modell wird auf zweifache Weise
evaluiert. Zunächst erfolgt der Vergleich integraler Messgrößen aus der Literatur mit den
analytisch und prediktiv berechneten Werten, wobei eine erstaunliche Übereinstimmung von
Messdaten und Modellierung auftritt.
Darüber hinaus sind eigene Messungen an Kanälen mit veränderlichem Querschnitt durchge-
führt worden. Die Beschreibung der hergestellten Mikrostrukturen und des Messaufbaus ist
ein weiterer zentraler Aspekt in der vorliegenden Dissertation. Auch für Messgrößen von Strö-
mungen in diesen asymmetrischen Kanälen ist die Vorhersage durch das Modell sehr akkurat,
was aufgrund der Einfachheit der mathematischen Formulierung überrascht.
Ein weiterer Aspekt der Arbeit widmet sich dem Einﬂuss der Oberﬂächenchemie auf das
Verhalten von Mikroströmungen. Die Analyse des entwickelten Modells zeigt für hohe Verdün-
nungsgrade von Gasen, dass die Oberﬂächendiﬀusion einen signiﬁkanten Beitrag am Gesamt-
stoﬀtransport aufweist. Anhand des entwickelten Gesamtmodells können Daten für die Lang-
muir-Adsorption von Gasen an Oberﬂächen aus Mikrokanalversuchen abgeleitet werden. Diese
Möglichkeit könnte die Entwicklung eines neuartigen Adsorptionsmessverfahren ermöglichen.
Da Oberﬂächendiﬀusion grundlegend von der Wechselwirkungsstärke der Gasmoleküle mit
der Kanalwand abhängt, wird die Möglichkeit der Oberﬂächenfunktionalisierung auf das Ver-
halten von Mikroströmungen theoretisch analysiert und experimentell bestätigt. Es kann
prinzipiell gezeigt werden, dass eine Silanisierung von geätzten Siliziumkanälen einen sig-
niﬁkant messbaren Einﬂuss auf die Gaspermeabilität hat, wenn die Verdünnung ausreichend
hoch ist.
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Abstract
Flow processes of gases and related heat and mass transfer properties in smallest channels or
porous structures are of utmost interest for many technical application in engineering science.
This so-called microﬂows occur for instance in geometrically deﬁned microchannels which are
parts of Micro/Nano Electro Mechanical Systems (MEMS/NEMS) or in porous catalysts or
ﬁlters. In such applications the heat transfer or the yield in gas phase reactions is crucially
dependent on the ﬂow behavior.
In microﬂows the ﬂuid gas phase is in a state called rareﬁed, when the distance of solid bound-
aries (e.g. pore diameter) is on the same order of magnitude as the gaseous mean free path λ.
The ratio of λ to a characteristic length  is deﬁned as the Knudsen number which is recipro-
cally proportional to  and the pressure of the bulk gas. Hence, also gases in larger structures
can be rareﬁed if the pressure is suﬃciently low. For instance in vacuum applications or high
altitude aerodynamics gaseous rarefaction has to be taken into account.
Depending on the dimensionless quantiﬁed rarefaction it is commonly known that continuum
ﬂuid dynamics fail for modeling gas ﬂows in (and around) very small geometries. Rareﬁed
ﬂows behave totally diﬀerent as continuum ﬂows. Hence research on gaseous microﬂows can
contribute to the general understanding of rarefaction eﬀects.
Central aspect of the current thesis is the modeling of integral quantities of gaseous ﬂows
in micro structures with uniform and alongside varying cross section. A microchannel is the
simplest geometry in which rarefaction eﬀects can be observed and can as well be considered
as a model for more complex geometries. A mathematical model which allows for the predic-
tive and non-empirical calculation of integral ﬂow properties (e.g. pressure loss or mass ﬂow
rate) is not only a useful tool for design of MEMS/NEMS devices, but also bears the chance
of gaining new, basic insights.
Consequently, a basic aspect of the current work is the review and analysis of existing ap-
proaches in modeling gas microﬂows. General weaknesses of commonly used transport models
are revealed and critically discussed. This analysis simultaneously represents the motivation
for development of an alternative approach.
In the framework of this PhD thesis a transport model is developed which is based on the
superposition of transport mechanisms and is unrestrictively valid over the whole range of
rarefaction. The model is developed by means of a raised hypothesis on a rareﬁed ﬂow in a
slightly tapered duct. The derived mathematical formulation is twofold evaluated. First, com-
parison is carried out of measured values found in literature to analytically and predictively
calculated curves, where a strikingly good accordance of data and model is found. Further,
own measurements on microchannels with slightly varying cross section are performed. The
presentation of manufactured microstructures and the experimental set-up is another central
aspect of the current thesis. Even for measured values on these asymmetric ducts, the pre-
diction of the model is thoroughly accurate which does surprise due to the simplicity of the
mathematical formulation.
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Furthermore the inﬂuence of surface chemistry on microﬂows is investigated in this work.
Analysis of the derived model shows that for increasing rarefaction surface diﬀusion gains
signiﬁcant contribution to the entire ﬂow rate. By means of the complete model data for
Langmuir adsorption of gases on surfaces can be derived. This ﬁnding may contribute to
the development of a novel measuring technique for gas adsorption on low-surface materials
under ambient conditions.
Since surface diﬀusion is crucially dependent on the interaction strength of gas molecules to
the solid surface, the possibility of surface functionalization for aﬀecting the properties of
gaseous microﬂows is theoretically analyzed and experimentally conﬁrmed. In principle, it
can be shown that a silanization of etched silicon channels causes a signiﬁcantly measurable
eﬀect on the gas permeability when rarefaction is suﬃciently high.
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1 Introduction
What are gaseous microﬂows? And what is diﬀerent compared to "normal" gas ﬂows and
microﬂows of a liquid? Why research on gaseous microﬂows?
In contrast to a liquid or a solid, the density of a gas is very low. Density can be simply
assumed as the amount of molecules in a given volume. To give an example: An one litre
bottle ﬁlled with water contains roughly 3.34 × 1025 H2O molecules. An "empty" bottle with
the same volume contains only 2.68 × 1022 gas molecules1 - less than a thousandth part.
As long as the temperature exceeds 0K (and this seems to be a law of nature), molecules
are moving. As is well known, this omnipresent motion is termed thermal motion and con-
sequently, molecules collide inevitably with each other or with molecules of a neighboring
aggregate phase.
One can imagine: The given amount of H2O molecules collide more frequently with each
other than the gas molecules. Hence the distance one gas molecule travels between two in-
termolecular collisions is much higher compared to the distance a water molecule has to go2.
The average of the distances of all molecules is referred to as the mean free path λ which for
a gas is a function of pressure p (amount of molecules in an enclosed volume), temperature
T (mobility of molecules) and a parameter regarding the size of molecules σ:
λ = kT√
2πσ2p
. (1.1)
Here k is the Boltzmann constant. As mentioned previously, molecules self-evidently collide
also with neighboring phase; for instance with the solid inner wall of tube (to get to the nucleus
of story). When considering a gaseous ﬂow through a tube, gas molecules have intermolecular
collisions and collisions with the wall. If the tube diameter is relatively large, the frequency of
collisions with the solid is negligible. However, when the tube diameter is very small (micro),
gas-wall collisions have to be taken into account.
This answers the ﬁrst question: In gaseous microﬂows, molecular collisions with the solid
boundary are not negligible. The state of the gas is referred to as rareﬁed.
By means of the ratio of gas-solid collisions to intermolecular collisions, the second question
is easy to be answered. Macroscopic properties of a gas (e.g. density, thermal conductivity,
sonic speed) are deﬁned by intermolecular collisions (quantiﬁed with λ). However, when
collisions with the boundary are frequent, macroscopic properties become diﬀerent and hence
ﬂow behaviour and heat transfer are observed to vary from "normal" gas ﬂows. Also, since
the mean free path of a liquid is such low, it is (more or less) regardless whether a liquid ﬂows
through are wide or a tiny tube3. A liquid phase is never rareﬁed.
1Assumed are ambient conditions and the air being a mixture of oxygen and nitrogen.
2For purposes of illustration only, this statement is simpliﬁed since it disregards the interaction strength
of molecules. The mean free path of a liquid is only on the order of magnitude of the particle diameter.
3As long the Reynolds number Re is identical. Of course capillary forces, surface wetting, gravity and
other external forces do aﬀect the ﬂow with respect to tube diameter.
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The last question raised, can be formulated more speciﬁc: Why should an engineer do research
on gaseous microﬂows?
To answer that question, ﬁrst a dimensionless parameter has to be introduced which quantiﬁes
the previously mentioned rarefaction: The Knudsen number Kn. The Knudsen number gives
information about the ratio of gas-solid collisions to intermolecular collisions. Consequently
Kn is deﬁned as the ratio of the gaseous mean free path to an arbitrary characteristic length
. By means of Eq. (1.1) follows
Kn = λ

= kT√
2πσ2p
, (1.2)
with  being for instance the distance between two walls or the diameter of a tube. Hence
rarefaction increases with decreasing p and . Thus, in many technical application rareﬁed
conditions occur accompanied by macroscopic eﬀects which are not explainable by means
of "classical" ﬂuid dynamics. As it is the task of an engineer to develop novel applications
and to optimize existing devices concerning costs and size, a deep understanding of gaseous
rarefaction is crucial.
Besides investigation of eﬀects in micron-sized technical application, research on microﬂows
allows to gain insight in general rarefaction problems (e.g. re-entry of a spacecraft) since T ,
p, and  are linked by means of the Knudsen number.
1.1 Rareﬁed gas ﬂows
As indicated in Figure 1.1, research on rareﬁed gas ﬂows is of utmost interest due to mani-
fold applications in the emerging area of Micro/Nano Electro Mechanical Systems (MEMS/
NEMS) and Lab-on-a-Chip technologies as well as in the classical rarefaction problems, high
Figure 1.1: Rareﬁed gas ﬂows in technical applications are linked by means of temperature,
pressure and characteristic length. Single picture credits are given in the bibliography.
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altitude aerodynamics and vacuum technology. Just wherever Kn signiﬁcantly exceeds zero,
rarefaction eﬀects occur and aﬀect macroscopic quantities of ﬂow processes or heat transfer
problems. Further examples for rareﬁed gas ﬂows in engineering science are gaseous mass
transfer in porous media (ﬁlters, membranes, catalysts), micro heat exchanger, and hard disc
drives of computers (Gravesen et al., 1993; Ho & Tai, 1996, 1998; Rostami et al., 2002; Bruus,
2008).
HeAir
Free molecular
Transition
Slip-flow
Cont.

Figure 1.2: Characteristic length scales of typi-
cal microﬂuidic components and the correspond-
ing Knudsen number at ambient conditions.
Figure is taken from Barber & Emerson (2006).
As one might imagine (and as Eq. (1.2)
indicates), a ﬂow can be non-rareﬁed (e.g.
ventilation hole, Kn → 0), a little bit rar-
eﬁed (e.g. microchannel at atmospheric
pressure, Kn << 1), more rareﬁed (e.g.
welding defects, Kn ≈ 1) or extremely rar-
eﬁed (e.g. turbomolecular pump, Kn > 50).
By means of Kn several ﬂow regimes are
classiﬁed with respect to occurrent eﬀects.
The ﬁrst classiﬁcation system to diﬀerenti-
ate between the various ﬂow regimes within
a rareﬁed gas is proposed by Schaaf &
Chambré (1961) which solely depends on
the magnitude of the local Knudsen number.
A graphical representation of ﬂow regimes
experienced by a range of microﬂuidic de-
vices by Beskok (2001) is adapted by Bar-
ber & Emerson (2006) and shown in Figure
1.2.
The ﬂow regimes are classiﬁed in:
• Continuum regime (Kn < 0.01): Here the continuum and thermodynamic equilibrium
assumptions are appropriate. However, Gad-el-Hak (1999) suggested that the break-
down in the thermodynamic equilibrium assumption is discernible at Kn as low as 0.001
(Barber & Emerson, 2006).
• Slip-ﬂow regime in the range of 0.01 < Kn < 0.1 where slight deviations from continuum
assumptions are observable.
• Transition ﬂow regime in the range of 0.1 < Kn < 10 where the continuum and ther-
modynamic equilibrium assumptions begin to break down, and alternative methods of
analysis must be employed.
• Free molecular regime for Kn > 10 where the conditions can be described as being a
free molecular ﬂow. Under such conditions, the mean free path of the molecules is far
greater than the characteristic length scale, and consequently, molecules reﬂected from a
solid surface travel on average many length scales before colliding with other molecules.
The intermolecular collisions are thus negligible in comparison to the collisions between
the gas molecules and the walls of the ﬂow domain (Barber & Emerson, 2006).
Observable rarefaction eﬀects exist - no engineer is able to change that. Consequently these
eﬀects, and the governing physical laws behind, have to be understood for development and
optimization of devices in which gases are rareﬁed. Mathematical models which can describe
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or predict (what is much better) macroscopic properties of rareﬁed gas ﬂows by means of
microscopic analysis, are crucial for engineering.
1.2 Hypothesis and thesis aim
The ﬁrst step of modeling is making assumptions. Consider two compartments ﬁlled with
gas at diﬀerent pressure levels connected by a small tube (e.g. 100μm in diameter) with
length large compared to diameter. Striving for equilibrium, gas is transported by means of
superimposed transport mechanisms (which is the main hypothesis) from the high-pressure
compartment at inlet pressure pi to the low-pressure compartment at outlet pressure po.
When pi and po at the inlet and the outlet of the given tube are relatively high (e.g. ambient
pressure), λ according to Eq. (1.1) is low and the macroscopic properties of the gas are de-
ﬁned by intermolecular collisions. The collective of molecules acts as a continuous phase and
the ﬂow mechanism under such conditions is referred to as convection.
However, the molecular nature of the gas has always to be taken into account, although mathe-
matical formulations of convection (e.g. Poiseuille equation) yield suﬃcient results even when
the gas is slightly rareﬁed. In the two-compartment system described above, gas molecules
under thermal motion collide with each other and with the walls of the compartments. Since
pressure is determined as the amount of molecules in a given volume, the collision frequency
of molecules with the walls is higher in the high-pressure compartment at pi.
Now both compartments have one hole - the tube inlet - with area A which is the cross-
sectional area of the tube. Hence more molecules "collide" with the hole in the upstream
compartment and migrate along the pressure gradient than vice versa. A mathematical ex-
pression of the transport mechanism referred to as molecular spatial diﬀusion is given by
Knudsen (1909) in the beginning of the last century.
The explicit working hypothesis is that every gaseous ﬂow at standard temperature in long
ducts - regardless the ﬂow regime (Figure 1.2) - is well described when superimposing convec-
tion with spatial diﬀusion mechanism. Only the distribution of transport mechanism to the
entire ﬂow is shifted with Kn: With increasing rarefaction spatial diﬀusion becomes dominant
while convection diminishes.
Consequently the ﬁrst aim of this thesis is to develop a mathematical formulation of
the hypotheses and to evaluate the model for uniform ducts by means of experi-
mental data.
Now consider a duct with slightly varying cross section as it is shown in Figure 1.3. From
(a) to (c) the mean pressure pm = 0.5(pi + po) decreases (Kn increases), indicated by the
amount of molecules at the duct inlet.
The convective ﬂow rate, which is expressed by Poiseuille’s law modiﬁed with the lubrication
approximation for the use in circular ducts with slightly varying cross section (Bird et al.,
2007), is decreasing with pm and increasing rarefaction, respectively. Following the lubrication
approximation, the convective mass ﬂow is independent of the direction of perfusion.
As mentioned earlier, the ﬂow rate caused by molecular spatial diﬀusion depends on Δp =
pi − po and on the area of the "hole". Consequently the contribution of directed diﬀusion is
higher when at identical pi the entrance is larger (left-hand side in Figure 1.3) for the duct
being perfused like a nozzle. In the case of the diﬀusor (right-hand side in Figure 1.3) only few
molecules enter the duct. With increasing rarefaction and diminished convection, diﬀusion
4
Hypothesis and thesis aim
I(a)
I(b)
I(c)
Nozzle Diffusor
Figure 1.3: The gas ﬂow diode eﬀect as a function of gaseous rarefaction. On the left-
hand side the duct is perfused as a nozzle. On the right-hand side the direction of perfusion
is reversed. From (a) to (c) rarefaction increases due to the reduced pm.
becomes dominant and the dependency on the direction of perfusion does likewise.
The second aim of the thesis is to give the experimental proof of the outlined diode
eﬀect and to reﬁne the superposition model for the prediction of experimental
data obtained on slightly tapered ducts.
As already pointed out in section 1.1, rareﬁed gas ﬂows are of high interest for manifold
technical and scientiﬁcal application. Thus, besides general understanding of the physics,
speciﬁc tools in the form of mathematical models are required for engineering without con-
cerning with kinetic theory. And here too, as usual, the simpler the model, the faster the
calculation, the higher the eﬃciency.
Hence a third aim can be formulated as follows: This work is supposed to contribute
to both, the general insight in gaseous microﬂows, and the development of a
straightforward and "engineer-friendly" mathematical formulation.
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1.3 Thesis structure
In the previous section the working hypothesis is suggested and corresponding aims are for-
mulated. By means of the following stated structure, the way to achieve the objectives should
be demonstrated.
At ﬁrst a general introduction on the topic of experimental work on gaseous microﬂows is
given. This includes discussion about measuring methods which has relevance for the ex-
perimental section of this work. Further the experimentally observed rarefaction eﬀects are
speciﬁed and resulting problems for modeling ﬂows under rareﬁed conditions are outlined.
The central element of this thesis is the development of an alternative transport model valid
for the whole range of rarefaction as well as for straight and slightly tapered ducts, based on
the hypothesis of the ﬂow being a superposition of transport mechanism. For this purpose,
ﬁrst basic equations are given as theoretical background for mathematical modeling. Also a
brief review about the topic of modeling rareﬁed gas ﬂows is presented, which equally con-
stitutes arguments and motivation on why this approach has been developed. Furthermore,
a theoretical analysis about gaining insight on gaseous microﬂows by means of alteration of
the surface chemistry of microducts is given.
The developed model is proved in duplicate. In chapter 4 the derived equations are used to
describe experimental data given in literature for the slip-ﬂow and the beginning transition
regime in a predictive manner. Furthermore the model is also evaluated for a wide range of
rarefaction in section 4.2.
The second evaluation of the model, and hence of the formulated hypothesis, is done by
own microﬂow experiments on long ducts with slightly varying cross section. Here ﬁrst the
manufacturing methods of the diﬀerent types of ducts, and the geometrical properties are
shown. Further the experimental set-up and procedure, including measuring techniques, data
acquisition, validation, and error analysis, are presented in detail.
Experimental results are shown in comparison to predictive calculations in chapter 6.
Finally, analytical and experimental results as well as general ﬁndings are discussed and an
outlook on further work is given.
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isothermal gas microflows
During the last decades, experimental research on gas microﬂows has attracted vast attention
due to the emerging ﬁeld of micro/nano electromechanical systems (MEMS/NEMS) and Lab-
on-a-Chip techniques. In detail, some of these applications may include mass ﬂow sensors,
pipe networks, micropumps or gaseous devices in analytic instruments as gas chromatograph
or mass spectrometer. Gas ﬂows through channels of various lengths and cross sections are
basic elements of such systems and can be considered as a model for more complicated ge-
ometries.
This section aims to give a brief overview ﬁrst about experimental work on isothermal gas mi-
croﬂows including the measurement techniques used in subject literature. Secondly, observed
rarefaction eﬀects are discussed concerning problems of "classical" transport models.
2.1 An overview
At the beginning of the last century Knudsen (1909) reported about experiments on gas ﬂows
through tubes performed by Kundt & Warburg (1875) and later by Warburg (1876), where
measured values signiﬁcantly deviated from Poiseuille’s law. The same observations are made
by Christiansen (1890) who performed gas ﬂow experiments between parallel plates with a
very small distance. Animated by these ﬁrst publications on rareﬁed gas eﬀects, Knudsen
aimed to ﬁnd the governing physical laws which cause the transition from the Poiseuille
ﬂow to the free molecular ﬂow. The experimental approach by Knudsen is the ﬁrst and a
very extensive study (see Table 2.1) about relationships between gaseous pressure and tube
diameter. He found the rarefaction eﬀects to depend on the ratio of the gas mean free path as
a function of the pressure to the tube diameter - A non-dimensional value which consequently
is referred to as Knudsen number (Eq. (1.2) on page 2).
After Knudsen’s studies a lot of experimental works are published of which only an excerpt
is listed in Table 2.1. Several alleged inﬂuence parameters on rarefaction eﬀects are studied,
such as the inﬂuence of
• nature of the gas (Knudsen, 1909; Lund & Berman, 1966b; Arkilic, 1997; Sazhin et al.,
2001; Maurer et al., 2003; Ewart et al., 2007a; Graur et al., 2009; Yamaguchi et al.,
2011, 2012),
• channel surface, including roughness (Peiyi & Little, 1983; Turner et al., 2004; Tang
et al., 2007; Demsis et al., 2010) and chemistry (Sazhin et al., 2001; Hadj-Nacer et al.,
2012),
• cross section (Araki et al., 2002; Tang et al., 2007; Varoutis et al., 2009) and tube
diameter (Lalonde, 2001; Tang et al., 2007; Yamaguchi et al., 2011, 2012).
In summary it can be concluded that gas ﬂows in microducts with various but alongside
uniform cross section are widely studied in the last decades.
7
2. Experimental research on isothermal gas microflows
Table 2.1: Experimental work on gas ﬂows in long, micro-sized ducts with uniform cross
section. Knudsen number stated by the authors is either calculated using outlet pressure po
or mean pressure pm = 0.5(pi+po). The characteristic length is either diameter d for tubes,
channel height h for rectangular channels or hydraulic diameter for the geometries studied
by Varoutis et al. (2009).
Reference Cross section Kn
Knudsen (1909) Circular 0.00136 − 620 (mean)
Lund & Berman (1966b) 0.0048 − 5.61 (mean)
Lalonde (2001) 0.001 − 0.017 (mean)
Shinagawa et al. (2002) 0.0021 − 2.5 (mean)
Asako et al. (2005) 0.00018 (mean)
Ewart et al. (2006) 0.003 − 0.289 (mean)
Ewart et al. (2007a) 0.003 − 0.309 (mean)
Ewart et al. (2008) 0.003 − 30 (mean)
Marino (2009) 0.055 − 9.3 (mean)
Yang & Garimella (2009) 0.0564 − 1.08 (outlet)
Perrier et al. (2011) 0.3 − 30 (mean)
Yamaguchi et al. (2011) 0.04 − 0.3 (mean)
Hadj-Nacer et al. (2012) 0.00022 − 0.3 (mean)
Yamaguchi et al. (2012) 0.05 − 0.3 (mean)
Shih et al. (1996) Rectangular 0.185 − 0.216 (mean)
Arkilic et al. (1997a) 0.155 (outlet)
Arkilic et al. (2001) 0.029 − 0.438 (outlet)
Jang et al. (2002) 0.00115 (outlet)
Zohar et al. (2002) 0.053 − 0.169 (mean)
Maurer et al. (2003) 0.002 − 0.8 (mean)
Colin et al. (2004) 0.017 − 0.466 (outlet)
Hsieh et al. (2004) 0.001 − 0.024 (outlet)
Turner et al. (2004) 0.0005 − 0.03 (mean)
Jang & Wereley (2006) 0.0017 (outlet)
Ewart et al. (2007b) 0.023 − 41.412 (mean)
Huang et al. (2007) 0.003 − 0.4 (mean)
Jang & Wereley (2007) 0.0137 (outlet)
Graur et al. (2009) 0.007 − 30 (mean)
Pitakarnnop et al. (2010) 0.043 − 1, 837 (mean)
Hong et al. (2012) 0.0008 − 0.0018 (outlet)
Harley et al. (1995) Trapezoidal 0.001 − 0.4 (mean)
Szalmas et al. (2012) 0.05 − 0.36 (outlet)
Varoutis et al. (2009) Rect., Circ., Trap., Trian. 0.007 − 14.992 (mean)
Demsis et al. (2010) Rect., Circ. 0.002 − 0.024 (mean)
Tison (1993) Capillary leaks ?
Cooper et al. (2004) Carbon nanotubes ?
Roy et al. (2003) Nanopores 1.410 − 1.684 (outlet)
Velasco et al. (2012) Nanopores 0.00015 − 55 (mean)
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Surprisingly, gas ﬂows in channels with varying cross section are not studied so far. A ﬁrst
experimental investigation on ﬂows in microchannels with slightly varying cross section is car-
ried out by the author (Veltzke et al., 2012a). Hence, being a central element of this thesis,
it is worth focusing the measurement techniques commonly used in the stated references.
The following section gives a brief review on measuring gaseous microﬂows with their ad-
vantages and disadvantages. This review is being presented against the background of the
experimental set-up developed during the PhD work and presented in chapter 5.
2.2 Measuring gaseous microﬂows - A brief review
Following Morini et al. (2011) the ﬂow rate through microchannels can be measured directly
by means of appropriate instruments (mass or volumetric ﬂow meters) or indirectly by check-
ing the value taken by other measurable quantities (e.g. pressure, forces, weight, volume,
temperature).
The ﬁrst named can be divided in the groups of volumetric ﬂow sensors and mass ﬂow sensors
(MFS) and are commercially available. This fact constitutes a genuine beneﬁt since the time
for the development of an experimental set-up is signiﬁcantly reduced. Here an advantage
of the volumetric ﬂow sensors in comparison to the mass ﬂow sensors is the independence of
the measured quantity on the ﬂuid tested. Whereas MFS can be used only with the ﬂuid for
which they have been calibrated.
The measuring principle of commercial ﬂow meters can be roughly divided in non-thermal
ﬂow sensors which use mechanical working principles such as
• drag force (i.e. using silicon cantilevers),
• pressure measurements (i.e. using capacitive and/or piezoresistive pressure sensors), or
• the Coriolis principle,
and thermal ﬂow sensors. Since drag force, pressure diﬀerence and Coriolis force strongly
depend on the density of the working ﬂuid, the measurement technique is very temperature-
susceptible. Depending on the measurement of temperature, thermal ﬂow sensors do not
suﬀer from these disadvantage. According to Nguyen (1997) thermal ﬂow sensors employed
in commercially available ﬂow meters are classiﬁed in sensors which measure the
• eﬀect of the ﬂowing ﬂuid on a hot body (micro hot-wire and micro hot-ﬁlm sensors),
• delay of a heat pulse over a known distance (time-of-ﬂight sensors),
• asymmetry of temperature proﬁle around a micro heater which is modulated by the
ﬂuid ﬂow (calorimetric sensors).
The last mentioned calorimetric sensors are most popular (Morini et al., 2011) for indus-
trial, analytic and scientiﬁc application. Since a calorimetric mass ﬂow sensor is used in the
experimental part of this work (chapter 5), the measuring principle is subsequently explained.
As schematically shown in Figure 2.1 the ﬂow is directed and a partial quantity ﬂows
through a thin tube indicated as sensor bypassing the main tube with the laminar ﬂow
device. The partial quantity is heated (RH) and thus the measured temperatures T1 and T2
deviate as a function of the mass ﬂow. Temperature diﬀerence ΔT and mass ﬂow rate m˙ are
directly proportional in terms of
ΔT = χcpm˙, (2.1)
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Figure 2.1: Operation principle of calorimetric
mass ﬂow sensors/controllers (MFS/MFC).
with cp being the heat capacity at con-
stant pressure and χ is a device con-
stant. Temperatures T1 and T2 are mea-
sured by resistance temperature detectors
(RTD) which are assembled in the Wheat-
stone bridge shown in Figure 2.1. The sig-
nal which corresponds the electrical poten-
tial between the resistors of the Wheat-
stone bridge is linearly ampliﬁed and can
be measured as a voltage or current sig-
nal.
In experimental studies on ﬂows in mi-
croducts (see Table 2.1) calorimetric sen-
sors are not very common since the mea-
suring range is restricted to relatively high
mass ﬂow rates (Figure 2.2). In subject lit-
erature this disadvantage is compensated by
multiplying the amount of microducts. For
example Marino (2009) used 20,000 INOX tubes with inner diameter of 110μm as probe
and an Series 5800 mass ﬂow controller (MFC) by Brook Instruments with range from
0.1... 200×10−8 kg s−1. In the experiment the test gas is fed to an upstream chamber through
the MFC. Downstream after the probe the ﬂow goes to a second large chamber where the
low pressure is kept by a turbomolecular pump and a Root pump. In both chambers the
pressure is measured and the gas ﬂow is kept constant by the MFC based on the calorimetric
measurement principle. Thus the pressure drop is obtained as a function of the controlled
mass ﬂow.
A similar set-up is the TRANSFLOW set-up of the KIT1 presented by Varoutis et al. (2012)
for measurements of vacuum gas ﬂows in the range of 10−4 < Kn < 103. Here a constant ﬂow
rate is dosed via ﬁve MKS-647C into a large vessel (dosing dome) which is connected by the
test channel to the pump dome. In both domes the pressure is measured and the pressure
drop is obtained as a function of the constantly controlled gas ﬂow.
Tang et al. (2007) used four diﬀerent volumetric ﬂow meters (Cole-Parmer/3290702; /3290706;
/3290712; /3290715) for each speciﬁc measuring range. In their experiment the design is a
little diﬀerent compared to Marino (2009). Here the pressure before and after (atmosphere)
the test channels is constant and the mass ﬂow is measured as a function of the pressure
diﬀerence.
The set-up of Celata et al. (2007) is quite similar to that of Tang et al. (2007), but here only
one MFS (EL-Flow by Bronkhorst, 0...5mlmin−1) is used. In series with the commercial
MFS they used a pipette of known diameter as a second independent mass ﬂow measuring
technique, in which the gas ﬂow is carrying up a thin ﬁlm of soapy water. The velocity at
which the meniscus travels through the pipette is recorded with a highspeed camera and the
volumetric ﬂow rate is calculated. This method is referred to as the droplet tracking method
and is also used by e.g. Shih et al. (1996) and Colin et al. (2004).
From the measurement principle and the deﬁnition of Kn according to Eq. (1.2), it is obvi-
1KIT - Karlsruher Institut für Technologie, Institut für Technische Physik (ITEP)
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ous that a dilemma occurs for measuring highly-rareﬁed ﬂows with calorimetric-based MFS:
When using the sensor under low pressure, only few molecules are in the thin sensing tube
(Figure 2.1) and no suﬃcient measurement of the temperature proﬁle is possible.
Mass spectrometry method
Single tank method
Double tank method
Droplet tracking
Commercial MFC/MFS
1...8 %
4.5 %
10 %
2 %
0.6...2 %
Figure 2.2: Measuring ranges of mass ﬂow sensors used in experiments on gaseous mi-
croﬂows (Following Morini et al. (2011)).
In contrary to the usage of calorimetric mass ﬂow sensors/controllers, indirect measurement
techniques are widely disseminated in research on microﬂuidics. In principle the experimental
set-up of Knudsen (1909) is used till now. Here two chambers with pressure gauges are
connected by the test channel. At the beginning of the experiment, a Δp is applied by a
pump which causes a ﬂow through the test channel. During the experiment pressures in both
chambers are observed and the mass ﬂow rate can be calculated as the changing of substance
per unit time using the ideal gas law. The equation of state is
m˙ = pT
∂V
∂τ
+ VT
∂p
∂τ
− pVT 2
∂T
∂τ
, (2.2)
with V being the volume of the chamber which is observed. Further  is the speciﬁc gas
constant, T the temperature and τ the time. From Eq. (2.2) it becomes clear that each mea-
suring value (p, T , V and τ) has to be measured very precisely since the measuring error is
four-times propagated. Especially the estimation of the volume, including all ﬁttings, valves,
manufacturing errors, etc., is very demanding even nowadays. This method is referred to
as the single tank constant volume method which for instance is used by Ewart et al. (2006,
2007a,b); Graur et al. (2009); Pitakarnnop et al. (2010). For the references cited here, the
experimental rigs only vary in the way how the pressure is measured.
Beside the lot of measured values (and errors), another weakness of this method is the tem-
perature ﬂuctuation of the gas due to the compression into the tank.
Arkilic et al. (1997a,b, 2001) used a two-tank modiﬁed constant-volume accumulation tech-
nique to measure the mass ﬂow rate, as the single-tank procedure would not ensure the thermal
stability needed for their experiment. In this case, Eq. (2.2) is not suﬃcient to calculate the
mass ﬂow rate, as both upstream and downstream pressures vary during the experiment.
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Instead, the pressure diﬀerence between the two tanks (both located downstream of the mi-
crochannel) is measured.
The most sensitive technique for the measurement of very low gaseous mass ﬂow rates is
based on mass spectrometry as it is ﬁrst used by Tison (1993) and recently by Velasco et al.
(2012) for measuring the ﬂow in geometrically deﬁned nanopores. Here the low-pressure side
of the test channel (or pore) is equipped with a turbo pump, a Pirani gauge, a calibrated leak,
and a residual gas analyzer, while the high-pressure side has a connection to a source of gas
and conventional capacitance pressure gauges. The measured mass ﬂow rate is proportional
to the outlet pressure po in terms of
m˙ = poSp, (2.3)
with Sp being the pumping speed of the turbo pump. This method has by far the lowest limit
in measuring range, but a series of complex operation steps are involved in the test so that
the ﬁnal determination of ﬂow rate is dependent on the ratio of measured quantities instead
of their absolute values, which reduces the sensitivity of possible ﬂuctuations (Morini et al.,
2011).
As a conclusion of this section, Figure 2.2 shows the measuring ranges of all methods
discussed. As mentioned earlier, the dilemma of calorimetric MFS/MFC between Knudsen
number and measuring range can easily be shifted by the amount of test channels. Thus the
main disadvantage of the commercial mass ﬂow sensors/controllers can be compensated to
some extend.
Finally the advantages and disadvantages of all measurement techniques are summarized in
Table 2.2.
As a result of this review and the advantages and disadvantages of all known measurement
techniques, the calorimetric measurement method is chosen for mass ﬂow measurement in
this PhD work. As shown in chapter 5.1.2, the amount of test channels is adjusted to achieve
a mass ﬂow range which is reliably measurable.
2.3 Rarefaction eﬀects observed in experiments
In rareﬁed gas ﬂows macroscopic eﬀects are observable which cannot be explained by means
of neither the continuum theory nor analytic approaches derived from kinetic theory. As men-
tioned earlier, Knudsen (1909) found the measured mass ﬂow rate under rareﬁed conditions
to be signiﬁcantly higher than predicted by Poiseuille’s law which describes viscous ﬂows re-
liably. In Figure 2.3a experimental data of Arkilic et al. (1997b) of a slightly-rareﬁed helium
ﬂow in a rectangular microchannel is shown as a function of the pressure ratio P = pi/po.
The curve is calculated by means of Poiseuille’s law according to Eq. (3.40) on page 33. The
higher the rarefaction, the higher the underestimation of data by the model.
On the other hand, analytical models for molecular spatial diﬀusion (Knudsen diﬀusion),
which can be derived directly from kinetic theory, also fail when predicting gaseous ﬂow rates
of low and moderately rareﬁed gases (Figure 2.3b). The argon mass ﬂow data shown in Figure
2.3b is taken from Ewart et al. (2007a) and plotted versus the product of pm and the driving
force Δp. The curve is calculated by means of Eq. (3.49) on page 35.
Hence moderately rareﬁed gas ﬂows are clearly distinguished from viscous ﬂow in the con-
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Table 2.2: Qualitative comparison concerning general advantages and disadvantages of reviewed tech-
niques used for measuring gaseous microﬂows.
Technique Pro Contra
Calorimetric sensor • "Plug-and-play" saves time for
development of an experimental
set-up
• Low coasts of purchase
• Low susceptibility to tempera-
ture at ambient conditions
• Easy adjustment of the mea-
suring range by increasing the
amount of test channels
• Low uncertainty in comparison
to other techniques
• Restricted measuring range
• Lower limit of measuring range
is high in comparison to other
techniques
Single tank con-
stant volume
• Wide measuring range is possi-
ble (depends on tank volume)
• Most commonly used; a lot of
experience is available
• An individual development is
necessary
• Relatively high uncertainty
• Costly due to the requirement
of high-accurate gauges
• Indirect measurement causes
error propagation
Two-tank constant
volume
• Wide measuring range is possi-
ble (depends on tank volume)
• No susceptibility to tempera-
ture at ambient conditions
• An individual development is
necessary
• Costly due to the requirement
of high-accurate gauges
• Indirect measurement causes
error propagation
• Mass ﬂow calculation is much
more complicated compared to
single tank method
Mass spectrometry
method
• Measuring range covers lowest
mass ﬂow rates
• Extremely sophisticated devel-
opment
• Restricted measuring range
• Extremely high costs (mass
spectrometer)
tinuum regime and from molecular diﬀusion at high rarefaction. They are an intermediate
of the two border cases referred to as slip ﬂow and transition regime ﬂow (Veltzke et al.,
2012a). This intermediate is particularly evident when plotting the reduced mass ﬂow rate
G (mass ﬂow rate divided by calculated mass ﬂow rate of molecular spatial diﬀusion) versus
the rarefaction in terms of the mean Knudsen number Knm (Eq. (3.2) in section 3.1).
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I(b)I(a)
P
Figure 2.3: Eﬀects of moderately rareﬁed gas ﬂows in straight rectangular microchannels.
In (a) the helium mass ﬂow rate in a microchannel with high aspect ratio is plotted against
the pressure ratio P = pi/po (Arkilic et al., 1997b). The curve is predictively calculated by
means of Poiseuille’s law according to Eq. (3.40) in section 3.4.1 with geometric dimensions
and gas properties stated in the primary literature. In (b) the experimental mass ﬂow rate
of argon in a microtube measured by Ewart et al. (2007a) is plotted versus the product
of pm and the driving force Δp. The curve is calculated by means of an analytical model
describing molecular spatial diﬀusion derived from kinetic theory (Eq. (3.49) in section
3.4.2).
Poiseuille
Knudsen diffusion
Figure 2.4: Reduced mass ﬂow rate as a func-
tion of rarefaction in terms of the mean Knud-
sen number. The experimentally observable
minimum of G is referred to as Knudsen mini-
mum.
In Figure 2.4 G decreases with increas-
ing rarefaction until a minimum is reached.
This minimum is referred to as Knudsen
minimum. For very low Knm Poiseuille’s
law can suﬃciently describe the results, but
already slightly rareﬁed conditions cause a
severe underestimation of data. The same
applies for the model of molecular spatial
diﬀusion: It underestimates experimental
data throughout the range of rarefaction.
An interesting ﬁnding and a challenge for
basic research is that G increases with rar-
efaction after Knudsen’s minimum. Such a
behaviour is seldom in mass and heat trans-
fer processes and thus it is not trite to un-
derstand the governing physical laws. Con-
sequently modeling of the whole range of
rarefaction is complex as it is shown in sec-
tion 3.2.
Actually the stated examples of rarefaction
eﬀects of isothermal gas ﬂows in long uni-
form channels are without direct impact on
any technical application. Except for long pipes in vacuum systems it is hard to ﬁnd real
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devices which are that simple. Nevertheless, long tubes and channels may be considered as
models of more complex geometries and it is necessary to understand the microscopic ef-
fects causing unexpected behaviors of macroscopic properties (e.g. mass ﬂow rate or pressure
drop).
In section 1.1 some technical and scientiﬁc applications are exemplarily given in which gaseous
ﬂows are rareﬁed. For the task of optimization of those, or implementation of novel scien-
tiﬁc and industrial techniques, it is crucial to fully understand and to model ﬂows in the
conceivably simplest geometries.
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3 Background theory and
mathematical modeling
This chapter is subdivided in three blocks in which the background theory, the modeling
approach and theoretical investigation on surface functionalization are given.
The central element of this PhD work is the novel approach for modeling gaseous microﬂows.
The ﬁrst block of this chapter indicates why this approach has been developed and provides
the required basics. Here especially one important value, the tangential momentum accommo-
dation coeﬃcient (TMAC) is discussed. Also a brief review on the topic of modeling gaseous
microﬂows is given.
The second block deals with the derivation of the novel transport model which is called CDS
model referring to convection, diﬀusion and surface diﬀusion. Parts of this block are already
published in peer-reviewed journals (Veltzke & Thöming, 2012; Veltzke et al., 2012a,b) or
submitted for publication.
The last block of this chapter theoretically emphasizes the opportunities of surface function-
alization on knowledge gain in the ﬁeld of rareﬁed gas ﬂows.
3.1 Governing equations
Not a transport equation but the most important value in the context of this work is the
Knudsen number Kn already stated in Eq. (1.2) on page 2. The Knudsen number as a
measure of the gaseous rarefaction can be expressed by means of several physical properties
and other dimensionless numbers:
Kn = μ
ρ
√
πm
2kT =
Ma
Re
√
κπ
2 . (3.1)
Here μ is the dynamic viscosity, m the molecular mass and ρ the density. All macroscopic
gaseous properties can be obtained by ﬁnding the moments of the velocity distribution func-
tion f(τ, r, c), when f is known (Shen, 2005) (τ is time, r is position and c is absolute molecular
velocity). Consequently other dimensionless numbers are linked to Kn also: The Mach num-
ber Ma is deﬁned as the ratio of gaseous velocity u to the speed of sound cs =
√
κkT/m,
with κ being the ratio of speciﬁc heats. Further Re is the Reynolds number being the ratio
of inertial forces (→ u) to viscous forces (→ μ).
In this work special emphasis is placed on universality of the equations concerning the
cross-sectional geometry of microducts. For that purpose the hydraulic diameter dh = 4A/P
is used as characteristic length  of the Knudsen number. A is the cross-sectional area and P
is the perimeter of duct indiﬀerent whether its shape is circular, rectangular or trapezoidal.
Since Kn depends on the pressure, which is diﬀerent from the inlet of a duct (pi) to the outlet
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(po), the mean Knudsen number
Knm =
kT√
2πσ2pm
= kTP√
8πσ2 (pi + po)A
, (3.2)
is used for quantiﬁcation of an integral rarefaction over the length l of the duct. The collision
diameter σ can be derived by means of the simplest molecular model (hard sphere model)
with assumption of two billiards: Two molecules with diameter d1 and d2 collide when their
distance is less than σ12 = 0.5(d1 + d2) (Shen, 2005). For a single gas, σ equals the molecule
diameter.
While Knm provides information about the state of the (integral) gaseous ﬂow, solutions of
transport equations are needed to describe measurable values like mass ﬂow rate or pressure
drop. As shown by means of Eq. (3.1), the Knudsen number can be expressed according to
Re and Ma which both depend on the ﬂuid velocity u. Also the integral velocity in a duct u¯
is directly related to the volumetric ﬂow rate (see section 3.4.1), and hence the aim is to ﬁnd
an expression for u being a function of position, state and velocity of gas molecules in the
duct.
The ﬁrst of the following two sections emphasizes the Boltzmann equation as the most general
equation describing the statistical behaviour of a ﬂuid in thermodynamic nonequilibrium. On
the basis of the Boltzmann equation the Navier-Stokes equations are derived as a set of
diﬀerential equations, which can be analytically solved for some speciﬁc ﬂow problems like
Couette ﬂow or Poiseuille ﬂow in (long) ducts. The derivation of the Navier-Stokes equations
is given in subsection 3.1.2.
3.1.1 Boltzmann equation
In the previous section the velocity distribution function f is mentioned to serve for the
derivation of macroscopic gaseous properties. This is possible by means of the assumption
of equilibrium or using the elemental "1/6-distribution" (Hänel, 2004). Unfortunately these
assumptions are invalid for a general situation of thermodynamical nonequilibrium and hence
the problem is how to ﬁnd f .
The Boltzmann equation is an universally valid conditional equation which describes f of a
molecule in time τ, space r, and absolute velocity c. The absolute velocity of a molecule is
the sum of u and the thermal velocity ς. The Boltzmann equation is derived as an accounting
equation for the conservation of molecules in a given volume ΔV . The number of molecules
Δn(τ, r, c) = f(τ, r, c)ΔV Δc (3.3)
is temporarily changed by transport due to c and external forces F . For the sake of conser-
vation, this transport term equals the collision term which includes the changing of Δn due
to reversible, elastic collisions
(Δnτ + Δnr + Δnc)Transport =
(
Δn+ − Δn−
)
Collision
, (3.4)
with
Δnτ =
∂f
∂τ
ΔV ΔcΔτ ; (3.5a)
18
Governing equations
Δnr =
(
cx
∂f
∂x
+ cy
∂f
∂y
+ cz
∂f
∂z
)
ΔV ΔcΔτ ; (3.5b)
Δnc =
(
∂f
∂cx
Fx
m
+ ∂f
∂cy
Fy
m
+ ∂f
∂cz
Fz
m
)
ΔV ΔcΔτ ; (3.5c)
Δn+ =
∫
c1
∫
Ac
(ff1g) dAcdc1ΔV ΔcΔτ ; (3.5d)
Δn− =
∫
c1
∫
Ac
(
f ′f ′1g
)
dAcdc1ΔV ΔcΔτ . (3.5e)
For a detailed description of each contribution to transport term and collision term, reference
is made to Shen (2005). In German language, an extensive and very descriptive derivation of
the Boltzmann equation is given by Hänel (2004).
Combining now Eqs. (3.3), (3.4), and (3.5) the Boltzmann equation writes
∂f
∂τ
+
3∑
i=1
ci
∂f
∂xi
+
3∑
i=1
Fi
m
∂f
∂ci
=
∫
c1
∫
Ac
g
(
ff1 − f ′f ′1
)
dAcdc1, (3.6)
with i = 1, 2, 3 denoting the components in x, y, and z-direction. Eq. (3.6) can be found in
many other notations in the literature.
Being a basic concept of the kinetic theory, the Boltzmann equation is unrestrictedly valid
in nonequilibrium thermodynamics including the thermodynamic equilibrium also. Hence
Eq. (3.6) is independent of gaseous rarefaction and describes the state of the gas in all ﬂow
processes correctly. So why continuing work on modeling gaseous microﬂows?
The Boltzmann equation is a mathematically very complex integro-diﬀerential equation (un-
pleasant for engineers). Hence, analytical solutions are only possible by means of approxima-
tion procedures for very simple problems. For instance, for small deviations from thermody-
namic equilibrium the conversation equations of the continuum theory can be obtained when
using the Chapman-Enskog expansion of the moments of the Boltzmann equation (Hänel,
2004). This derivation is shown in the following section.
General solutions are only possible by means of numerical methods like Direct Simulation
Monte Carlo (DSMC) or Lattice Boltzmann Method (LBM). For many ﬂow problems these
methods are inappropriate due to the computational eﬀort for the determination of velocity,
position, and state of all molecules at every time step (Gad-el-Hak, 1999).
It can be concluded that kinetic theory is unrestrictedly valid but limited in its applicability.
Hence it is worth focusing on derivation of time saving analytical approaches in addition to
numerical methods.
3.1.2 Navier-Stokes equations
This work focuses the derivation of a transport model for isothermal gas ﬂows. Thus the
conversation equations for mass and momentum are needed, which is a set of diﬀerential
equations called Navier-Stokes equations.
For derivation of the transport term of a general conversation equation, the moments of the
Boltzmann equation are used. Therefore Eq. (3.6) is multiplied with a velocity function Φ(c)
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and integrated over c:
∂
∂τ
∫
Φfdc + ∂
∂xi
∫
Φcifdc =
∫
c
∫
c1
∫
Ac
Φg
(
ff1 − f ′f ′1
)
dAcdc1dc. (3.7)
Here the derivatives with respect to time and space are put in front of the integral sign since
they are independent of the integration over velocity. In contrast to Eq. (3.6), the moments
equation is written in tensor notation and the term including Fi is omitted since the impact
of external forces (e.g. gravity) is negligible for a gas ﬂow (Hänel, 2004).
Table 3.1: Moments of an ideal gas derived from velocity distribution
function with c = ς + u (Hänel, 2004).
Φ(c) Moment M(Φ) =
∫
Φfdc Physical value
m m
∫
fdc = ρ Density
mci m
∫
(ςi + ui)fdc = ρui Momentum
mςiςj m
∫
(ςi + ςj)fdc = pij = pζij − σij Stress tensor
1
3
∑
i pii = m3
∫
ς2fdς = p Pressure
σij = pζij − pij Friction stresses
mcicj m
∫
(ςi + ui)(ςj + uj)fdc = Momentum ﬂux
ρuiuj + pζij − σij and stress tensor
Referring to basic liter-
ature on kinetic theory,
some basic moments of
Φ are given in Table 3.1.
Since mass (Φ(c) = m)
can not be created or an-
nihilated in an ﬂow pro-
cess, the collision term
on the right-hand side of
Eq. (3.7) is zero and
the Boltzmann moments
equation reduces to
∂ρ
∂τ
+ ∂
∂xi
(ρui) = 0.
(3.8)
This expression is the well-known continuity equation. The transport term for momentum is
obtained analogously with the appropriate moment given in Table 3.1:
∂
∂τ
(ρui) +
∂
∂xi
(ρuiuj + pij) = 0 ; (3.9a)
∂
∂τ
(ρui) +
∂
∂xi
(ρuiuj) = −∂pij
∂xi
. (3.9b)
The collision term is also zero for this moment since ff1 equals f ′f ′1 in case of an ideal elastic
molecular collision. For small deviations from thermodynamic equilibrium, the still unknown
stress tensor pij = pζij −σij on the right-hand side of Eq. (3.9b) can be determined by means
of the Chapman-Enskog expansion (Chapman & Cowling, 1970) of a modiﬁed Boltzmann
equation.
Due to the complexity of the collision term of the Boltzmann equation, a simpliﬁcation is
introduced by Bhatnagar et al. (1954) describing the approximation of a distribution function
to Maxwell’s speed distribution (Shen, 2005):
∂f
∂τ
+ ci
∂f
∂xi
+ Fi
m
∂f
∂ci
= ξ (W − f) , (3.10)
with ξ being the molecular collision frequency and W = W (ρ, u, T ) is a local Maxwell dis-
tribution. Here Eq. (3.6) is written in tensor notation with the simpliﬁed right-hand side.
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Referring to the initial letters of the three authors, this equation is termed Bhatnagar-Gross-
Krook (BGK) model. The stress tensor pij in Eq. (3.9) is subsequently derived by means of
the Chapman-Enskog expansion of the BGK model.
Therefore the BGK model stated in Eq. (3.10) is written by disregarding external forces F
(negligible impact) as
∂f
∂τ
+ ci
∂f
∂xi
= ξ (W − f) , (3.11)
or written in terms of the substantial derivation as
Df
Dτ = ξ (W − f) with
D
Dτ =
∂
∂τ
+ ci
∂
∂xi
. (3.12)
Now this expression is non-dimensionalized by means of a characteristic length , thermal
velocity ς0, number density η and the mean free path λ (see Eq. (1.2) in section 1.1):
xi = x¯i; τ = τ¯ς−10 ; ci = c¯iς0; f = f¯ης−30 ; ξ = ξ¯ς0λ−1. (3.13)
By means of the Knudsen number deﬁned in Eq. (1.2), the dimensionless BGK model writes
Kn Df¯Dτ¯ = ξ¯
(
W¯ − f¯
)
. (3.14)
As this equation clearly shows, the dimensionless velocity distribution function f¯ approaches
the Maxwellian distribution W¯ for thermodynamic equilibrium (Kn → 0). In this case the
BGK model yields the conversation equations of a frictionless ﬂow without thermal conduction
termed Euler equations. In contrast, the Navier-Stokes-(Fourier) equations are in order of
magnitude one (Kn1, compare Figure 3.1).
Following the Chapman-Enskog expansion, the velocity distribution function is a power series
which is
f¯ = Kn0 f¯ (0) + Kn1 f¯ (1) = W¯ + Kn f¯ (1), (3.15)
for order of magnitude one (Navier-Stokes). Combining now Eqs. (3.14) and (3.15) the BGK
model with ﬁrst-order approximation is written as
Kn DDτ¯
(
f¯ (0) + Kn f¯ (1)
)
= ξ¯
(
W¯ − f¯ (0) − Kn f¯ (1)
)
. (3.16)
With f¯ (0) = W¯ and dividing Eq. (3.16) by Kn follows
Df¯ (0)
Dτ¯ = −ξ¯f¯
(1). (3.17)
This is the BGK model in ﬁrst order of the Chapman-Enskog expansion. The ﬁrst order
distribution function f¯ is redeﬁned by means of
f¯ = W¯ + W¯ϕ, (3.18)
with ϕ being a dimensionless disturbance. Combining this expression to the right-hand side
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of Eq. (3.15), the disturbance is
ϕ = Kn f¯
(1)
W¯
, (3.19)
which is much smaller than unity (Hänel, 2004). Due to this limitation f¯ approximates W¯
when ϕ approaches zero. Using again dimensioned variables (recalculated according to Eq.
(3.13)), the BGK model according to Eq. (3.11) writes
∂f
∂τ
+ ci
∂f
∂xi
= −ξfϕ. (3.20)
Now ϕ is the last unknown variable which results from the Maxwellian distribution W and
the collision frequency ξ. For the (extensive) derivation of the disturbance, reference is made
to Hänel (2004). Finally Eq. (3.18), termed as the complete distribution for nonequilibrium,
is written as
f = W
⎛
⎝1 − 1
ξ
⎡
⎣(Mς2
2RT −
5
2
)
ςi
T
∂T
∂xi
+ 2Mςiςj
RT
(
∂ui
∂xj
+ ∂uj
∂xi
− 23
∂uk
∂xk
ζij
)−1⎤⎦
⎞
⎠ , (3.21)
with the universal gas constant R and molar mass M . With this expression, the BGK model
for the ﬁrst order Chapman-Enskog expansion is solved for small deviations from thermody-
namic equilibrium. By means of this equation, the unknown stress tensor in Eq. (3.9) can be
derived.
According to the stress tensor stated in Table 3.1, pij is split in a pressure term pζij and
friction stresses σij . Due to the isotropic nature of the pressure, p is deﬁned as the mean of
the stresses in their main direction:
p ≡ 13 (pxx + pyy + pzz) =
m
3
∫
ς2fdς. (3.22)
Thus Eq. (3.9b) is written as
∂
∂τ
(ρui) +
∂
∂xi
(ρuiuj) = − ∂p
∂xi
+ ∂σij
∂xi
. (3.23)
The friction stresses correspond
σij = μ
(
∂ui
∂xj
+ ∂uj
∂xi
− μu
μ
∂uk
∂xk
ζij
)
, (3.24)
and Eq. (3.23) in combination with Stoke’s hypothesis (μu/μ = 2/3, (Bird, 1976)) yields the
equation of momentum conservation of the Navier-Stokes equations.
Disregarding the divergence of the macroscopic velocity ∂uk/∂xk and using vector notation
in Cartesian coordinates, the set of diﬀerential equations for conservation of mass and mo-
mentum of a ﬂuid is obtained as
∂ρ
∂τ
+ ∇ (ρu) ; (3.25)
∂
∂τ
(ρux) + ux
∂
∂x
(ρux) + uy
∂
∂y
(ρux) + uz
∂
∂z
(ρux) = −∂p
∂x
+ μ
(
∂2ux
∂x2
+ ∂
2ux
∂y2
+ ∂
2ux
∂z2
)
;
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∂
∂τ
(ρuy) + ux
∂
∂x
(ρuy) + uy
∂
∂y
(ρuy) + uz
∂
∂z
(ρuy) = −∂p
∂y
+ μ
(
∂2uy
∂x2
+ ∂
2uy
∂y2
+ ∂
2uy
∂z2
)
;
∂
∂τ
(ρuz) + ux
∂
∂x
(ρuz) + uy
∂
∂y
(ρuz) + uz
∂
∂z
(ρuz) = −∂p
∂z
+ μ
(
∂2uz
∂x2
+ ∂
2uz
∂y2
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.
For modeling macroscopic quantities of a ﬂow (e.g. mass ﬂow rate), the velocity ﬁeld of the
ﬂow has to be known. By means of numerical and analytical (for some simpliﬁed ﬂows like
Poiseuille ﬂow and Couette ﬂow) solutions of the Navier–Stokes equations, the velocity ﬁeld
can be calculated, and macroscopic quantities can be obtained.
The Navier–Stokes equations derived in this section are used for further modeling in section
3.4.1. In the following sections the modeling of gaseous microﬂows is emphasized by means
of a brief review on state-of-the-art in general and the Maxwellian boundary condition in
particular.
3.2 Modeling gaseous microﬂows - A brief review
The emerging development of micro devices like Micro/Nano Electro Mechanical Systems
(MEMS/NEMS) or Lab-on-a-Chip devices by new manufacturing techniques has raised the
necessity for a deeper understanding of the physical laws governing the ﬂuid ﬂow inside. In
such systems the mean free path of the ﬂuid molecules can be in the same order of magnitude
as the height or diameter of the duct. This circumstance causes deviation from continuum
ﬂow behaviour and consequently the need for distinct approaches for modeling gas ﬂows at
the microscale.
From a macroscopic perspective gaseous microﬂows diﬀerentiate from the continuum be-
haviour to the eﬀect that the mathematical models overestimate the pressure loss or under-
estimate the gaseous mass ﬂow likewise (Figure 2.3 on page 14). The physical eﬀects causing
this deviation are insuﬃciently understood so far (Veltzke et al., 2012a).
Nevertheless, there are several approaches starting from the continuum theory on the one
hand and from the kinetic theory on the other hand to describe ﬂow processes in this deeply
interesting intermediate range. A diagram summarising the mathematical approaches is given
by Gad-el-Hak (1999) which is shown in Figure 3.1 as a continued and supplemented version.
According to Gad-el-Hak (1999) there are basically two possible kinds of model concept. On
the one hand the molecular models which regard the molecular nature of a gas and on the
other hand the continuum models which ignore the same. The discrete molecular approaches
require numerical methods and thus computational calculation. The higher the rarefaction
the more applicable the discrete molecular models embodied by e.g. Discrete Velocity Method
(DVM), Direct Simulation Monte Carlo (DSMC) or Molecular Dynamics (MD) simulations.
As indicated in Figure 3.1 the molecular approaches are further divided in statistical and
deterministic models. For an extensive review on this topic reference is made to Gad-el-Hak
(1999) and Reese et al. (2003).
For the use over the whole range of Kn molecular methods are inappropriate due to the con-
siderable computational power which is needed for the determination of velocity, position,
and state of all particles at every time step (Gad-el-Hak, 1999).
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Fluid Modelling
Continuum
Statistical
Molecular
Euler (Kn0)
Nav.-Sto.-Four.
(Kn1)
Order of
magnitude
Kn 80
0.0001 0.001
No-slip
0.01 0.1 1 10 100
Burnett, slip
Slip DSMC
Grad (Kn2)
R13 (Kn3)
MD
BGK
Deterministic
Figure 3.1: Gas ﬂow models following Gad-el-Hak (1999) and their practical usability as
a function of the rarefaction. No claim for completeness. Limits are taken from Gad-el-
Hak (1999) and Struchtrup & Taheri (2011). Since the usability of the numerical methods
strongly depends on the computational power, the lower limits of DSMC, MD, and other
numerical methods will be shifted to lower Knudsen numbers in the future.
Continuum models like Navier-Stokes equations and Burnett equations can be solved com-
paratively easily with a few simplifying assumptions. Since the gas density and velocity are
deﬁned as averages over volume elements that are large in comparison to the molecular nature
(Gad-el-Hak, 1999), the macroscopic quantities can be predicted reliably. Up to Kn ≈ 0.001
the mathematically easy Poiseuille equation is in acceptable agreement with measured data
of ﬂows in microducts (Struchtrup & Taheri, 2011).
The deﬁnition of the gas being a continuous phase becomes invalid with increasing rarefaction
due to the decreasing number of molecules per unit volume. All experiments on rareﬁed gas
ﬂow show that the measured mass ﬂow is higher than predicted by the solution of continuum
models (Knudsen, 1909; Arkilic, 1994; Shih et al., 1996; Arkilic et al., 1997a,b; Jang et al.,
2002). Obviously there is "something missing" in the Navier-Stokes equations when the ﬂuid
is rareﬁed. Further the deviation increases with rarefaction (Maurer et al., 2003; Ewart et al.,
2006, 2007a,b; Yamaguchi et al., 2011) as it has been shown in section 2.3.
Therefore in literature emerge (roughly divided) two possibilities of correction approaches
to compensate the above mentioned underestimation: The slip approach and the volume
or mass diﬀusion hydrodynamic approach. The commonest slip approach is the use of the
Maxwellian boundary condition (Maxwell, 1879) to solve the Navier-Stokes equations (Mau-
rer et al., 2003; Ewart et al., 2006; Yamaguchi et al., 2011; Arkilic et al., 2001; Jang et al.,
2002; Hsieh et al., 2004; Colin et al., 2004; Graur et al., 2009; Pitakarnnop et al., 2010) or the
Burnett equations (Stevanovic, 2007) as a function of the tangential momentum accommoda-
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tion coeﬃcient (TMAC). This approach is described in more detail in the following section.
Also the regularized 13 moment equations (R13) presented by Struchtrup & Torrilhon (2007)
and Grad’s method (Grad, 1949) make use of momentum and energy accommodation coeﬃ-
cients as boundary conditions.
An alternative slip model based on the Langmuir adsorption isotherm is mathematically
derived by Myong (2004). Furthermore Brenner (2011) presented a boundary condition as-
suming slip as an eﬀect of gradients in the mass density of the ﬂuid at the wall.
Approaches which add a term representing molecular spatial diﬀusion to the convection
term (Poiseuille’s law) are published by Pollard & Present (1948), Lund & Berman (1966a)
and currently by Dadzie et al. (2008), Dadzie & Reese (2010), and Dongari et al. (2011). An
overview is recently given by Dadzie & Brenner (2012).
For further reading on the topic of modeling gaseous ﬂows, reference is made to the review
papers of Gad-el-Hak (1999), Struchtrup & Taheri (2011), and Zhang et al. (2012) and the
book of Karniadakis & Beskok (2002).
3.3 Approach of tangential momentum accommodation
A compromise to use the continuum models even for gas microﬂows, is the deﬁnition of slip
boundary conditions unlike the classical wall adherence condition (Figure 3.2). This approach
regards the molecular nature of the gas in the distinction of diﬀusively and specular reﬂected
molecules after a collision with the wall. The fraction of diﬀusively scattered molecules deﬁnes
ix
Iy
iu y( )
Id
Id
No-slip
Slip
ius
ILs
Figure 3.2: Schematic of tube Poiseuille
ﬂow considering no-slip and slip boundary
conditions.
the tangential momentum accommodation coef-
ﬁcient (TMAC):
α =
∑
n mci −
∑
n mco∑
n mci
. (3.27)
Here n is the total number of gas molecules in the
sample with mass m, i is the initial value, and o
is the ﬁnal value before and after the molecules
collide with the solid surface. The concept of dif-
fuse and specular reﬂection is ﬁrst introduced by
Maxwell (1879) and is helpful to understand gas
surface scattering (Arya et al., 2003). It is as-
sumed that a fraction of gas molecules adsorb on
the surface and desorb diﬀusely after a certain
residence time with a velocity and direction that
is independent of the incident velocity and direc-
tion. The angular distribution in case of diﬀuse
reﬂection is described by Knudsen’s cosine law (Knudsen, 1916; Feres & Yablonsky, 2004).
The other fraction of gas molecules is reﬂected specularly.
Of course this concept is a simpliﬁed assumption and hence it is permanently advanced by
various scientiﬁc approaches. For instance, a substantial progress is introduced by Cercignani
& Lampis (1971) who derived a phenomenological model with accommodation coeﬃcients for
momentum and energy. Later this approach has been modiﬁed by Lord (1991). This so-called
Cercignani-Lampis-Lord (CLL) reﬂection model is described in detail by Shen (2005). One
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of the most detailed reviews on the topic of molecular momentum transport at ﬂuid-solid
interfaces is recently given by Cao et al. (2009).
One fundamental objective is to understand the impact of gas surface interactions on the
TMAC. During the last decades, gas surface scattering has been extensively investigated us-
ing diﬀerent experimental and theoretical methods and approaches. A current review is given
by Agrawal & Prabhu (2008).
Theoretical approaches for estimating the TMAC are computer simulations, such as the de-
terministic MD simulations (Sun & Faghri, 2003; Arya et al., 2003; Cao et al., 2005, 2006;
Finger et al., 2007; Sun & Li, 2008, 2010, 2011; Spijker et al., 2010), Monte Carlo simulations
(e.g. DSMC) (Sun & Faghri, 2003), or the simulation of other theoretical models (Feres &
Yablonsky, 2004; Ambaye & Manson, 2006; Fan & Manson, 2009). Here angular distributions
and accommodation coeﬃcients are calculated.
An experimental approach for derivation of the TMAC is the molecular beam scattering
experiment. Here commonly noble gas molecules with high energy strike a clean noble metal
surface (Cook & Hoﬀbauer, 1997, 1998; Nagard et al., 1998; Rettner, 1998; Wight & Miller,
1998; Day et al., 2003; Kondo et al., 2005; Lu & Morris, 2011). By detecting the reﬂected
molecules, scattering angle distribution, time of ﬂight distributions, and momentum accom-
modation can be determined for various gas-surface systems.
Another experimental approach is the measurement of gaseous mass ﬂows in deﬁned mi-
crochannels. Using the transport model based on Poiseuille’s law with the Maxwellian bound-
ary condition (see section 3.3.1), the TMAC can be estimated by ﬁtting the data points. Other
eﬀorts to indirectly measure the TMAC are summarized by Agrawal & Prabhu (2008).
Hence it can be concluded that the TMAC is an empirical value which in microﬂow ex-
periments is mostly found to be ranging between 0.8 and unity. Unfortunately, when using
other measuring techniques, the TMAC is ranging from 0.7 to 1.02 (rotating cylinder method
(Timiriazeﬀ, 1913; Kuhlthau, 1949; Agrawal & Prabhu, 2008)) or from 0.4 to 1.2 (molecular
beam experiment (Doughty & Schaetzle, 1969; Seidl & Steinheil, 1974; Cao et al., 2009)).
Further, results of MD simulations (being the only deterministic simulation technique) yield
also diﬀerent results which are consistently lower than results obtained in experiments (Cao
et al., 2005, 2006; Sun & Li, 2011).
The empirical nature of the TMAC is important and must be taken into account for further
argumentation in the following sections.
3.3.1 Poiseuille ﬂow with Maxwellian boundary condition
The deﬁnition of boundary conditions including the TMAC for solving the continuum-based
Navier-Stokes equations enables to use continuum models with their advantages stated in
section 3.2. As indicated in Figure 3.1 the analytical calculation of gas ﬂows is possible up
to Kn ≤ 1 with suﬃcient accuracy (Struchtrup & Taheri, 2011). Commonest in pertinent
literature is the Maxwellian slip boundary condition
u (y = ±d/2) = λ2 − α
α
(
∂u
∂y
)
(3.28)
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(Maxwell, 1879), which is used from zeroth to second order. Here λ is the gas mean free path
according to Eq. (1.2) and u is the ﬂuid velocity as a function of the ordinate axis y according
to Figure 3.2. The TMAC α can vary from zero (specular accommodation) to one (complete,
or diﬀuse accommodation) as described earlier.
Following Eq. (3.28) the mean velocity of the ﬂow proﬁle shown in Figure 3.2 is high (lower
part) when the accommodation is incomplete (α → 0). Consequently, the mass ﬂow rate than
is higher compared to no-slip conditions (upper part), when the TMAC is smaller than unity.
When assuming no-slip conditions, the ﬂuid velocity at the wall equals the velocity of the wall.
For using this approach in an predictive manner the TMAC has to be known. However, due
to its empirical nature this is impossible and α is used as an adaption parameter for ﬁtting
experimental data (Arkilic, 1994; Jang et al., 2002; Maurer et al., 2003; Hsieh et al., 2004;
Ewart et al., 2006; Stevanovic, 2007; Graur et al., 2009; Pitakarnnop et al., 2010; Yamaguchi
et al., 2011, 2012; Hadj-Nacer et al., 2012). Nevertheless, being a value which describes the
interaction of gas molecules with the channel walls, the TMAC may give some information
about eﬀects of wall characteristics (such as surface chemistry and topology) or inﬂuence of
temperature on gas-surface interactions.
The impact factors on the TMAC usually include the gas-solid pairs and their interaction
potentials, varieties of surface conditions such as temperature, adsorbents, lattice conﬁgu-
rations, and surface roughness (Cao et al., 2009). However, inﬂuence parameters on the
TMAC is an issue controversially discussed in the literature (Gabis et al., 1996; Karniadakis
& Beskok, 2002; Agrawal & Prabhu, 2008). Exemplarily the temperature inﬂuence and the
inﬂuence of the surface roughness are highlighted subsequently.
3.3.2 Temperature inﬂuence on the TMAC
Brieﬂy summarized, results in literature show that the TMAC decreases with increasing tem-
perature and kinetic energy of the molecules, respectively. By means of MD simulations
this correlation is shown in Figure 3.3. Common explanation is, that it is less likely that
a gas molecule adsorbs on the surface and is scattered diﬀusely later at high temperatures.
Thus the scattering behaviour is more specular and the TMAC according to Eq. (3.27) is low.
Experimental investigations on the temperature inﬂuence of the TMAC are commonly per-
formed by means of the molecular beam experiment. For instance Engel (1978) measured
the angular scattering distribution in the scattering plane to be "more specular" at 1020K
compared to 300K. Microchannel experiments on the temperature inﬂuence with respect to
tangential momentum accommodation are not carried out so far.
The most common method to determine the temperature inﬂuence on the TMAC is MD
simulation (Arya et al., 2003; Cao et al., 2005; Sun & Li, 2008; Spijker et al., 2010; Sun & Li,
2011). All investigations conﬁrm the dependency shown in Figure 3.3.
The crucial question is, if TMACs obtained in molecular beam experiments or MD simula-
tions provide any valuable insight for modeling gas ﬂows in microsystems. As ﬁgured out in
section 3.3, the TMAC mainly depends on the method with which it is derived, since e.g. an
artiﬁcial surface used in MD simulations is deﬁnitively not comparable to a technical surface.
Thus, for instance, using α = 0.19 obtained by Yamamoto (2002) for platinum-argon at 300K
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Figure 3.3: Variation of the TMAC with tem-
perature. Data points are obtained by two-
dimensional MD simulation of an argon Couette
ﬂow (Cao et al., 2005) and three-dimensional
MD simulations by Yamamoto (2002) and Cao
et al. (2005). The dashed line represents a ﬁt-
ting function. Figure is taken from Cao et al.
(2005) and slightly modiﬁed.
would yield an exorbitantly higher mass ﬂow
rate compared to experimental data of Ark-
ilic et al. (2001) (when using the Maxwellian
approach).
Consequently arises a general point of
criticism of the use of Maxwell’s bound-
ary condition for modeling gas microﬂows.
The next subsection shows another example
of the discrepancy between a generally ac-
cepted dependency of the TMAC and ﬁnd-
ings obtained in microﬂow experiments.
3.3.3 Inﬂuence of surface topology
It is intuitive and commonly accepted that
the TMAC increases with surface rough-
ness. When considering a tennis ball (gas
molecule) being thrown under a certain an-
gle of incidence on a plane street, specular
scattering is more likely than after hitting
a stony ﬁeld. Increasing surface roughness
yields a higher probability of diﬀuse scatter-
ing (Day et al., 2003; Cao et al., 2006; Sun & Li, 2011). This correlation obtained in MD
simulation is shown in Figure 3.4.
Similarly to investigations on temperature inﬂuence, the most common methods for study-
ing inﬂuence of surface topology are molecular beam experiment and numerical simulation
techniques.
Again Engel (1978) obtained the scattering of an oxygen beam on a palladium surface to be
much more specular when the surface is uncovered with adsorbate (which refers to roughness).
Further Blanchard & Ligrani (2007) measured the TMAC on walls of diﬀerent roughnesses
using a unique technique and found the TMAC to strongly decrease with roughness which is
counterintuitive and completely contrary to other ﬁndings in literature. However, it seems
that these ﬁndings are ignored by the scientiﬁc community since the publication is not cited in
the context of tangential momentum accommodation (except for the review paper of Agrawal
& Prabhu (2008)). On the contrary, other experimental works qualitatively aﬃrmed the ﬁnd-
ings of Engel (1978).
No inconsistencies concerning TMAC and surface roughness are reported when using numer-
ical simulation: The degression of TMAC with decreasing roughness (Figure 3.4) is throughout
conﬁrmed by MD simulations (Arya et al., 2003; Cao et al., 2006; Sun & Li, 2011), DSMC
(Sun & Faghri, 2003), and other approaches (Feres & Yablonsky, 2004; Ambaye & Manson,
2006; Fan & Manson, 2009).
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Figure 3.4: Variation of the TMAC for diﬀer-
ent values of the lattice parameters in MD simu-
lation. The lattice parameter L corresponds the
roughness of the surface. Figure is taken from
Arya et al. (2003) and slightly modiﬁed.
But again the question must be raised
if these ﬁndings are related in any way to
gaseous ﬂows through microducts. Experi-
mental work with the explicit aim to investi-
gate the impact of surface roughness is very
diﬃcult and thus rare.
Nevertheless, Tang et al. (2007) investigated
ﬂow characteristics for nitrogen and helium
in stainless steel microtubes, fused silica mi-
crotubes and fused silica square microchan-
nels. Also Turner et al. (2004) systemat-
ically studied the inﬂuence of relative sur-
face roughness, Knudsen number and Mach
number of helium and nitrogen ﬂows in
etched silicon channels. Further, TMACs
derived by ﬂow experiments through mi-
croducts are summarized in Table 3.2 with
respect to the surface roughness of the re-
spective duct. Pitakarnnop et al. (2010)
Table 3.2: Experimental tangential momentum accommodation coef-
ﬁcients derived by microduct experiments.
References Roughness (nm) Gas TMAC
Arkilic et al. (2001) 0.65 Ar 0.80
N2 0.83
CO2 0.88
Maurer et al. (2003) 20 He 0.91
N2 0.87
Colin et al. (2004) ? He 0.93
N2 0.93
Graur et al. (2009) <20 He 0.93
Ar 0.91
N2 0.96
Pitakarnnop et al. (2010) 5-8 Ar 1.00
Yamaguchi et al. (2011) ? Ar 0.81
N2 0.79
performed their measurements at rectangular channels with a typical roughness of 5 − 8 nm
which is considerably lower than the surface roughness Graur et al. (2009) stated. Neverthe-
less Pitakarnnop et al. (2010) measured the higher TMAC which dissents the common state
of the art as well as MD simulation and other numerical methods (as mentioned previously).
This also dissents the explicit investigations: Tang et al. (2007) concluded that surface rough-
ness in microchannels is found to aﬀect the friction factor while Turner et al. (2004) found
no signiﬁcant eﬀect at all.
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The inconsistent ﬁndings of the surface roughness inﬂuence on the TMAC strengthen the
doubts about the reasonableness of the Maxwellian boundary condition for modeling mi-
croﬂows.
Beneath temperature inﬂuence and the (alleged) impact of surface roughness, other inconsis-
tencies arise from reviewing the literature on microﬂow experiments. More examples and a
conclusion on this part of the thesis is given in the following subsection.
3.3.4 Further inconsistencies of the Maxwellian approach
In Table 3.2 a variety of references is listed allowing for the investigation of dependencies of
the TMAC on nature of the gas, which is another inﬂuence parameter discussed in literature.
By means of microﬂow experiments Arkilic et al. (2001) and Graur et al. (2009) derived the
TMAC of argon to be signiﬁcantly lower than of nitrogen. However Yamaguchi et al. (2011)
found the reverse. Colin et al. (2004) measured α of helium and nitrogen to be identical on
the contrary to Maurer et al. (2003) who found the value of helium to be signiﬁcantly higher.
N2
Ar
He
CO2
Figure 3.5: Comparison of TMAC for ﬁrst
and second order Maxwellian approach. Ex-
periments are performed by Hadj-Nacer et al.
(2012) on two etched microchannels, one of
which is sulﬁnert. TMAC values are obtained
for diﬀerent gases using solution of Navier-
Stokes equations with Maxwellian boundary
condition of ﬁrst and second order. Figure is
taken from Hadj-Nacer et al. (2012) and slightly
modiﬁed.
Inconsistent ﬁndings on the TMAC in
microﬂow experiments do not only occur
due to alleged inﬂuence parameters but also
due to the order of the Maxwellian bound-
ary condition with which they are derived.
Hadj-Nacer et al. (2012) measured the mass
ﬂow rate of helium, nitrogen, argon and
carbon dioxide through microtubes under
isothermal conditions. Further, two surface
materials (stainless steel and sulﬁnert steel)
are considered. TMAC values for each gas-
surface combination are obtained by means
of solution of Navier-Stokes equations with
Maxwellian boundary condition of ﬁrst and
second order. The results shown in Figure
3.5 are plotted versus the nature of the gas
sorted by means of molar mass M . While
the TMAC as a function of M ﬁrst decreases
for the ﬁrst order boundary condition in
both channels, the reverse behaviour is ob-
served for the stainless steel tube when using
the second order boundary condition. The
sulﬁnert tube in addition to second order
boundary condition yields a (more or less)
steady decrease of TMAC with increasing
molar mass.
Summary is obvious: The TMAC stronger depends on the order of the boundary condition
than on the nature of the gas and the surface (topology and chemistry) of the tube.
Although the impact of the TMAC on the mass ﬂow rate might be minor in the moderately
rareﬁed regime (Arkilic et al., 2001), the shown inconsistencies led doubt that a TMAC-based
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approach can describe the observed rarefaction eﬀects (see section 2.3) correctly. Furthermore
it appears inconsistent to solve diﬀerential equations embodying the continuum model with
a boundary condition based on the molecular one. Moreover, when using models that are
based on the Maxwellian boundary condition, it is impossible to predict the mass ﬂow rate
due to the randomness of TMAC and its crucial dependency on the method with which it
can be obtained.
Concerning quantitative determination of the TMAC it can be concluded that α mainly
depends on the method of determination (molecular beam, MD, microchannel, etc.) while
other parameters discussed (temperature, surface roughness, etc.) are only of minor inﬂuence.
This points of criticism motivate to work on development of alternative modeling ap-
proaches. In this PhD work a superposition model is derived which is presented in the
following section and evaluated in chapter 4.
3.4 The CDS model of superimposed ﬂows
The mathematical model presented here is based on the superposition of convection, molecular
spatial diﬀusion (Knudsen diﬀusion) and surface diﬀusion. The entire mass ﬂow rate m˙ as
target dimension is
m˙ = m˙C + m˙D + m˙S . (3.29)
Following, convection is indicated with subscript index C, molecular spatial diﬀusion with
D and surface diﬀusion with S. The derivation of the convective term (section 3.4.1) and
the term of molecular spatial diﬀusion (section 3.4.2) is published by the author in (Veltzke
& Thöming, 2012). The second part, the derivation of both transport mechanism for ﬂows
in ducts with slightly varying cross section, has been published in (Veltzke et al., 2012a).
The derivation of the term describing surface diﬀusion is accepted for publication in a peer-
reviewed proceedings paper (Veltzke et al., 2012b).
3.4.1 Convection
The explanation of the Navier-Stokes equations, phenomenologically describing the conversa-
tion of momentum, or deduced from the Boltzmann equation, is well known in basic literature
(Geankoplis, 1972; Sherman, 1990; Panton, 1996). The complete set of equations is derived
from the BGK model in section 3.1.2.
For the derivation of the convective transport contribution a two-dimensional, laminar and
steady ﬂow without body forces in a long tube and in a rectangular channel is considered. The
height h of the rectangular channel is assumed to be much smaller than its width w (h << w).
Further assumptions are expressed in the two boundary conditions for line symmetry of the
velocity proﬁle and wall adherence
∂u
∂r
∣∣∣∣
r=0
= 0, u|r=r∗ = 0; (3.30a)
∂u
∂y
∣∣∣∣
y=0
= 0, u|y=±h2 = 0, (3.30b)
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where u is the ﬂuid velocity in the direction of the current and r∗ the radius of the tube.
The steady-state, streamwise conservation of momentum for an inﬁnitesimal volume element
is given by the Navier-Stokes equation according to Eq. (3.25) on page 22 in x-direction
ρ
(
ur
∂u
∂r
+ uϕ
r
∂u
∂ϕ
+ u∂u
∂x
)
= −∂p
∂x
+ μ
(
1
r
∂
∂r
(
r
∂u
∂r
)
+ 1
r2
∂2u
∂ϕ2
+ ∂
2u
∂x2
)
, (3.31)
in cylindrical coordinates for a tube. Analogous follows for the rectangular channel in Carte-
sian coordinates
ρ
(
u
∂u
∂x
+ uy
∂u
∂y
)
= −∂p
∂x
+ μ
(
∂2u
∂x2
+ ∂
2u
∂y2
)
. (3.32)
In Eqs. (3.31) and (3.32) the non-steady-state term and the term describing tensions in
normal direction (see Eq. (3.25)) are equal zero. While the radial and swirl components,
respectively the velocity components in y-direction are zero for laminar ﬂow, Eqs. (3.31) and
(3.32) reduce to
1
r
∂
∂r
(
r
∂u
∂r
)
= 1
μ
∂p
∂x
; (3.33a)
∂2u
∂y2
= 1
μ
∂p
∂x
. (3.33b)
Twofold integration yields the velocity u as a function of r and y, respectively and two
integration constants:
u = 14μ
∂p
∂x
r2 + C1ln(r) + C2; (3.34a)
u = 12μ
∂p
∂x
y2 + C1y + C2. (3.34b)
The integration constant C1 is calculated with the boundary condition for line symmetry
(3.30) to zero. For the second constant follows
C2 =
1
4μ
∂p
∂x
r∗2; (3.35a)
C2 =
1
2μ
∂p
∂x
(
h
2
)2
. (3.35b)
Utilizing both integration constants, the velocity proﬁles for both geometries are written as
u = 14μ
∂p
∂x
(
r2 − r∗2
)
; (3.36a)
u = 12μ
∂p
∂x
(
y2 −
(
h
2
)2)
. (3.36b)
For the calculation of the ﬂow rate the average velocity u¯ is required. By cross-sectional
averaging of Eq. (3.36) u¯ is obtained as
u¯ = 1
πr∗2
∫ r∗
0
2πr
4μ
∂p
∂x
(
r2 − r∗2
)
dr = r
∗2
8μ
∂p
∂x
; (3.37a)
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u¯ = 2
h
∫ +h2
−h2
1
2μ
∂p
∂x
(
y2 −
(
h
2
)2)
dy = h
2
12μ
∂p
∂x
. (3.37b)
Note that the pressure drop across the length l of the duct is assumed to be linear (Δp/l) and
thus small that compression or expansion does not cause signiﬁcant inequalities of tempera-
ture. For Mach numbers less than 0.3 the ratio of the mean pressure pm to the outlet pressure
po is used as a correction factor regarding the compressibility of the gaseous ﬂuid (Bird et al.,
2007). Multiplying the average velocity u¯ with the compressibility correction factor and the
cross section of the duct yields the outlet volumetric ﬂow rate V˙o. The convective mass ﬂow
rate m˙C can be written in terms of V˙o based on the equation of state of an ideal gas as
m˙C =
MV˙opo
RT
. (3.38)
Hence Eq. (3.37) altogether with the above mentioned substitutions applied to Eq. (3.38)
yields
m˙C =
πd4MpmΔp
128μRTl ; (3.39a)
m˙C =
h3wMpmΔp
12μRTl , (3.39b)
where d = 2r∗ is the tube diameter. This solution of the Navier-Stokes equations is also
known as Poiseuille’s law for compressible ﬂuids (Bird et al., 2007) and can be written in its
most general form as
m˙C =
KA3MpmΔp
2P 2μRTl
⎧⎨
⎩
K = 1 circ.
K = 23 − 23
∞∑ 192min(h,w)
j5π5 max(h,w)tanh
(
jπ max(h,w)2min(h,w)
)
rect.
, (3.40)
for ducts with circular and any rectangular cross section. Here A is the cross-sectional area
(either πd2/4 or hw) and P the perimeter (either πd or 2(h + w)). The correction factor K
for rectangular channels of any aspect ratio is taken from Bruus (2008).
3.4.2 Molecular spatial diﬀusion
Spatial diﬀusive transport in a microchannel or microtube can be considered as pore diﬀusion
including bulk, Knudsen and surface diﬀusion as well as capillary condensation (Cussler,
2009), whereby the contribution of each mechanism depends on the ratio of the gaseous mean
free path λ to the pore size.
The mathematical expression of steady diﬀusive ﬂux in general is analogous to Ohm’s law
whereby the ﬂux J corresponds the current, a local concentration gradient ∂ψ/∂x the voltage,
and the Fickian diﬀusivity DF the conductivity. This correlation is embodied in Fick’s ﬁrst
law (Fick, 1855)
J = −DF∂ψ
∂x
, (3.41)
where DF varies with the kind of diﬀusion mechanism and thus depends on ﬂow phenomena.
A general overview is given by Cussler (2009) and speciﬁed for transport in porous solids by
Cunningham & Williams (1980) and Kaerger & Ruthven (1992).
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Is λ on the same order of magnitude as the characteristic length of the duct, molecules collide
statistically more frequently with the solid wall than with each other (Cussler, 2009). In that
case Knudsen diﬀusion is the dominant diﬀusive transport mechanism and the corresponding
diﬀusion coeﬃcient is crucially dependent on molecular collision properties. The Knudsen
diﬀusion coeﬃcient can be estimated by arguments corresponding to the kinetic theory by
means of the simplest distribution of molecule position of rigid spheres.
For that purpose a volume element containing a large amount of rigidly spherical molecules
is considered. In contrary to the random walk of the thermal motion it is assumed that the
molecules are located solely on the three axes of a Cartesian coordinate system. Hence there
are only six possible directions of motion (±x, ±y and ±z). The distance between the centers
of the volume elements is equal to λ (Cunningham & Williams, 1980). As the molecular
velocities obey the Maxwellian distribution, the most probable molecular velocity is
c¯ =
√
2RT
M
, (3.42)
Since the volume element is in contact with adjacent units, changing of mass is proportional
to the ﬂow of molecules across the boundary area Ax. Hence the molar ﬂow rate in one
direction of the x-axis of the coordinate system is
n˙±x = ±
1
6λAxc¯
∂ψ
∂x
, (3.43)
with the molar concentration ψ in mol per unit volume. The entire changing of substance
results from the balance of the molar ﬂow rates from the left and the right unit across the
boundary
n˙x =
1
6λAxc¯
∂ψ
∂x
−
(
−16λAxc¯
∂ψ
∂x
)
= 13λAxc¯
∂ψ
∂x
. (3.44)
Written in terms of the diﬀusive ﬂux J as molar ﬂow rate per unit area, Eq. (3.44) can be
compared with Fick’s ﬁrst law according Eq. (3.41)
J = −DF∂ψ
∂x
= 13λc¯
∂ψ
∂x
. (3.45)
Because ﬂow is considered only in the direction of the x-axis, Ax equals the cross-sectional
area A of the duct. The comparison in Eq. (3.45) yields the diﬀusion coeﬃcient for Knudsen
diﬀusion DKn with λ replaced by the hydraulic diameter dh = 4A/P and with the molecular
velocity according to Eq. (3.42):
DF = DKn = −4A3P
√
2RT
M
. (3.46)
As mentioned earlier, the steady diﬀusive ﬂux J is proportional to a local concentration
gradient ∂ψ/∂x which is the driving force for molecular spatial diﬀusion. Because the ﬂux
is deﬁned as the amount of substance per unit time and area, the spatial diﬀusive mass ﬂow
rate is
m˙D = JMA. (3.47)
The concentration ψ in Eq. (3.41) can be expressed by the amount of substance n per unit
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volume V . With the equation of state of an ideal gas, Eq. (3.47) then is rewritten with Fick’s
ﬁrst law as
m˙D = −DKnMA
RT
Δp
l
, (3.48)
when assuming a linear pressure drop over the length of the duct. It should be noted that this
simpliﬁcation (already used for deriving the convective term) is due to the aim to develop an
approach which is mathematically easy to handle. Here it is emphasized that the gradient is
not linear as it was experimentally shown by e.g. Turner et al. (2004).
With DKn according to Eq. (3.46), the molecular spatial mass ﬂow rate can be written as
m˙D =
4A2Δp
3Pl
√
2M
RT
, (3.49)
which for the tube with A = πd2/4 and P = πd is an expression already stated by Knudsen
(1909) or Kennard (1938).
Regarding the hypothesis formulated in section 1.2, it is worth noting that diﬀusive transport
is linear proportional to cross-sectional area and pressure gradient. This relationship also
becomes important when extending the superposition model to channels with slightly varying
cross section.
3.4.3 Convection and free molecular ﬂow in slightly tapered channels
Concerning tapered ducts reference is being made to the channel acting as nozzle or diﬀusor
for both possible directions of perfusion. A schematic of a channel with alongside varying
rectangular cross section is given in Figure 3.6 with all geometrical dimensions needed for
modeling.
h
ws
wl
x
l
h
Section 1: w(x)<h
Section 2: w(x)>hl1
l2
Figure 3.6: Schematic of a rectangular channel
with alongside varying cross section.
The entire mass ﬂow as a superposition of
only the convective term derived in section
3.4.1 and the term embodying molecular
spatial diﬀusion derived in the previous sec-
tion is
m˙j =
⎛
⎝ΨMpm
μRT
+ Λ
j
3
√
2M
RT
⎞
⎠Δp, (3.50)
with geometric properties substituted by Ψ
and Λ and superscript index j = 〈noz, dif〉
denoting the direction of perfusion. Further
Ψ is referred to as convective conductivity
and Λ as diﬀusive conductivity. According
to Eq. (3.40), the convective conductivity for ducts with arbitrary uniform cross section is
Ψ = KA
3
2P 2l , (3.51)
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with K stated in Eq. 3.40. Correspondingly, for the diﬀusive conductivity applies
Λ = 4A
2
Pl
, (3.52)
according to Eq. (3.49). For a channel with slightly varying rectangular cross section as shown
in Figure 3.6, Ψ and Λ will appear a little more complicated but can be derived non-empirical
and consistently analytic also. This derivation is given subsequently.
Referring to the lubrication approximation stated by Bird et al. (2007) the convective mass
ﬂow rate in a slightly tapered tube is
m˙jC =
πd4oMpmΔp
128μRTl
3γ3j
γ2j + γj + 1
. (3.53)
Here γj = di/do is the ratio of inlet diameter to outlet diameter. Since Eq. (3.53) holds for
circular cross section, an equivalent outlet diameter δo for tapered channels with rectangular
cross section is needed. This diameter is derived by comparison of Poiseuille’s law for tube
and rectangular channel (Eqs. (3.39) and (3.40)) without predeﬁnition whether width or
height is larger:
πδ4o
128l =
K min(h,w)3 max(h,w)3
8l (max(h,w)2 + 2max(h,w)min(h,w) + min(h,w)2) . (3.54)
Solving Eq. (3.54) to δo yields
δo = 4
√
16K min(h,w)3 max(h,w)3
π (max(h,w)2 + 2max(h,w)min(h,w) + min(h,w)2) . (3.55)
According to Figure 3.6 the varying cross section of the channel is due to the constantly
changing width. Moreover, the small width ws is smaller while the large width wl is greater
than the height (ws < h < wl). Consequently two diﬀerent K exist for the small aperture
(Ks = K(ws, h)) and for the wide aperture (Kl = K(h,wl)). Referring to Eq. (3.54) the two
diﬀerent outlet diameter for nozzle-like and diﬀusor-like perfusion are
δo,noz = 4
√
16Ksw3sh3
π (h2 + 2hws + w2s)
; (3.56a)
δo,dif = 4
√
16Klh3w3l
π
(
w2l + 2wlh + h2
) . (3.56b)
As mentioned earlier, γj is the ratio of the inlet to the outlet equivalent diameter and is
calculated for the nozzle-case to
γnoz =
δi,noz
δo,noz
= δo,dif
δo,noz
= 4
√
Klw
3
l
Ksw3s
h2 + 2hws + w2s
w2l + 2wlh + h2
= γ−1dif , (3.57)
which is reciprocal for the reverse direction of perfusion. Using Eqs. (3.53) and (3.56) the
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mass ﬂow in nozzle-direction is
m˙nozC =
πδ4o,nozMpmΔp
128μRTl
3γ3noz
γ2noz + γnoz + 1
= Ksw
3
sh
3MpmΔp
8 (h2 + 2hws + w2s)μRTl
3γ3noz
γ2noz + γnoz + 1
, (3.58)
and for the reverse diﬀusor-direction
m˙difC =
πδ4o,difMpmΔp
128μRTl
3γ3dif
γ2dif + γdif + 1
= Klh
3w3l MpmΔp
8
(
w2l + 2wlh + h2
)
μRTl
3γ3dif
γ2dif + γdif + 1
, (3.59)
which is exactly equal to Eq. (3.58). Thus, the laminar convective mass ﬂow in a tapered,
rectangular channel does not dependent on the direction of perfusion and hence the convective
conductivity is deﬁned as
Ψtaper =
Ksw
3
sh
3
8 (h2 + 2hws + w2s) l
3γ3noz
γ2noz + γnoz + 1
= Klh
3w3l
8
(
w2l + 2wlh + h2
)
l
3γ3dif
γ2dif + γdif + 1
. (3.60)
Consequently only the diﬀusive component of the entire mass ﬂow diﬀers in dependency on
the ratio of inlet cross section to outlet cross section.
For veriﬁcation again a uniform cross section is considered with ws = wl = w and w >> h.
Then Ks = Kl = K according to Eq. (3.40) is approaching 2/3 and γ as the ratio of inlet
to outlet equivalent diameter equals one. Thus Eqs. (3.58) and (3.59) are equal to Eq. (3.39b).
Since molecular spatial diﬀusion depends crucially on the closest distance of the walls of a
system (the characteristic length  of Kn), the channel in Figure 3.6 is divided in two sections:
Section 1 has width as the closest distance where section 2 has height as the closest distance.
Thus the duct is considered as a series connection of two transport resistors and therefore the
entire diﬀusive conductivity is
Λjtaper =
Λj1Λ
j
2
Λj1 + Λ
j
2
. (3.61)
According to Eq. (3.52) the diﬀusive conductivity is proportional to the cross-sectional area
A1 which is diﬀerent for the nozzle-direction and the diﬀusor-direction. Focussing section 1
in the case of the duct being perfused as a nozzle, Anoz1 is obtained by multiplying the narrow
side area wsh with the ratio of the average width w¯ = 0.5(ws + h) to the large side width
of section 1 (which is equal to h). For the reverse direction wsh is multiplied with ws/w¯ for
Adif1 , respectively. Following Eq. (3.52) the diﬀusive conductivity in section 1 can be written
as
Λnoz1 =
wsA
noz
1
l1
= w
2
sw¯(wl − ws)
(h − ws)l ; (3.62a)
Λdif1 =
wsA
dif
1
l1
= w
3
sh(wl − ws)
w¯(h − ws)l . (3.62b)
Since the Knudsen number in section 2 is low in comparison to section 1, assumption is
being made that the dependency on the aperture area as minor. Adapting the lubrication
37
3. Background theory and mathematical modeling
approximation by Bird et al. (2007) in analogy to Eq. (3.60) an expression written as
Λj2 =
π(δ∗o,j)3
4l2
2α2j
αj + 1
(3.63)
is obtained for the diﬀusive conductivity in section 2 with δ∗o,j being the outlet equivalent
diameter. In analogy to γj , αj = δ∗i,j/δ∗o,j is the ratio of inlet to outlet equivalent diameter
of section 2. Again, the equivalent diameters for both directions of perfusion are found by
equalizing the diﬀusive conductivities of tube and rectangular channel:
δ∗o,j =
3
√
4hAj2,o
π
. (3.64)
According to Figure 3.6, the outlet areas are Anoz2,o = h2 and A
dif
2,o = hwl, respectively. Hence
for both ratios of inlet to outlet equivalent diameter follows
αnoz =
δ∗i,noz
δ∗o,noz
=
δ∗o,dif
δ∗o,noz
= 3
√
wl
h
= α−1dif . (3.65)
Using Eq. (3.63) with l2 = l(wl − h)/(wl − ws) and considering the duct being perfused as a
nozzle, diﬀusive conductivity in section 2 is
Λnoz2 =
h3(wl − ws)
(wl − h)l
2α2noz
αnoz + 1
= h
2wl(wl − ws)
(wl − h)l
2α2dif
αdif + 1
= Λdif2 , (3.66)
which is exactly equal in both directions since the approach is the same as used for derivation
of the convective term. Finally Eqs. (3.62) and (3.66) are applied to Eq. (3.61) which yields
Λnoztaper =
2w2sw¯h3(wl − ws)α2noz
2h3(h − ws)lα2noz + w2sw¯(wl − h)l(αnoz + 1)
; (3.67a)
Λdiftaper =
2w3swlh3(wl − ws)α2dif
2w¯wlh2(h − ws)lα2dif + w3sh(wl − h)l(αdif + 1)
, (3.67b)
for the diﬀusive conductivities in both directions of perfusion.
For veriﬁcation of the derived expression, Eq. (3.61) is written as
Λjtaper =
ΛjnΛ
j
k
Λjn + Λjk
= Λ
j
k
1 + Λjk/Λ
j
n
, (3.68)
with n, k = 〈1, 2〉, n = k. In the case of a channel with uniform cross section ln is zero while
lk equals l consequently. Since l1 in Eq. (3.62) and l2 in Eq. (3.63) is the denominator, Eq.
(3.62) approaches inﬁnity when l1 is zero. The same applies for Eq. (3.63) when l2 approaches
zero. Hence Eq. (3.68) writes
Λtaper(Λn → ∞) = Λk, (3.69)
without j which is redundant when cross section is constant. With ws = wl = w¯ = w and
α = 1 follows
Λk = Λ1 = Λ2 =
min(h,w)2 max(h,w)
l
, (3.70)
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which is equal to Eq. (3.52). Thus it is proved that the expression derived for the diﬀusive
conductivity of slightly tapered ducts yields the same result for a channel with uniform cross
section as the equation derived in section 3.4.2.
Finally all expressions for the conductivity in ducts with various geometries are summarized
in Table 3.3 with γj and αj according to Eqs. (3.57) and (3.65).
Table 3.3: Mathematical expressions of geometrical properties of three diﬀerent ducts con-
sidered in this work. Here subscript index s denotes small while l stands for large (see Figure
3.6) and w¯ is 0.5(ws + h) (Veltzke et al., 2012a).
Circular Rectangular Varying rectangular cross-section
w >> h wl > h > ws
Ψ πd4128l
h3w
12l
Ksw3sh
3
8(h2+2hws+w2s)l
3γ3noz
γ2noz+γnoz+1
= Klh
3w3l
8(w2l +2wlh+h2)l
3γ3dif
γ2
dif
+γdif+1
Λ πd34l
h2w
l
2w2sw¯h3(wl−ws)α2noz
2h3(h−ws)lα2noz+w2sw¯(wl−h)l(αnoz+1)
2w3swlh3(wl−ws)α2dif
2w¯wlh2(h−ws)lα2dif+w3sh(wl−h)l(αdif+1)
A πd
2
4 hw hkwk; k ∈ s, l
P πd 2 (h + w) 2 (hk + wk) ; k ∈ s, l
 d h 2
(
As
Ps
+ AlPl
)
; with A and P of a rectangle
From the superposition of convection and molecular spatial diﬀusion expressed by Eq.
(3.50), it can already be seen that the diverse mass ﬂows in opposing direction of a tapered
duct depend on the diﬀusive term, more speciﬁc, on the diﬀusive conductivities according to
Eq. (3.67). Further the disparity in perfusion direction increases when pm decreases and thus
diﬀusion is the dominating transport mechanism when the gas is rareﬁed.
For an expression of Eq. (3.50) independent of the driving force Δp, the reduced molar ﬂow
rate is introduced as
N˙ j = m˙
j
MΔp =
(
Ψpm
μRT
+ Λ
j
3
√
2
MRT
)
, (3.71)
which is expressed by means of the mean Knudsen number according to Eq. (3.2) with 
being the characteristic length stated in Table 3.3 as
N˙ j = Ψk√
2πμσ2R
Kn−1m +
Λj
3
√
2
MRT
. (3.72)
This expression shows the dependency on the rarefaction more clearly: With increasing Knm
the convective term approaches zero and hence the diﬀusive term (being a function of Λj)
is gaining in importance. Thus the dependency on the direction of perfusion increases with
rarefaction.
3.4.4 Diodicity eﬀect in slightly tapered ducts
To quantitatively describe the dependency on the direction of perfusion, a dimensionless value
referred to as diodicity D, being the ratio of the molar ﬂow rate in nozzle-direction to the
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molar ﬂow rate in diﬀusor-direction is introduced as
D = N˙
noz
N˙dif
=
Ψk√
2πμσ2R Kn
−1
m +Λ
noz
3
√
2
MRT
Ψk√
2πμσ2R Kn
−1
m +Λ
dif
3
√
2
MRT
=
a
c +
b
c Knm
a
c + Knm
; (3.73a)
a
c
= 3Ψk2πμσ2Λdif
√
MT
R
; b
c
= Λ
noz
Λdif . (3.73b)
Hence an predictive expression for D is obtained being a function only of the mean Knudsen
number, nature of gas, temperature and geometrical properties of the duct. From Eq. (3.73b)
and Table 3.3 it can be seen that D is independent of the length of the duct as long as l is
considered to be large compared to .
In the case of a duct with uniform cross section Λnoz equals Λdif and D is unity regardless
whether rarefaction is high or low.
Since the reduced molar ﬂow rate (Eq. (3.72)) decreases with increasing rarefaction in the
continuum and slip-ﬂow regime down to Knudsen’s minimum (Knudsen, 1909; Gaede, 1913;
Lund & Berman, 1966a; Graur et al., 2009) instead of approaching zero, the diodicity must
be limited. From Eq. (3.73a) it can be seen that D increases with rarefaction and approaches
b/c for Knm → ∞. The higher b/c which equals the ratio of Λnoz to Λdif , the higher the
diodicity at inﬁnite high rarefaction.
But since Λnoz and Λdif are linked in terms of the geometrical properties ws, wl and h (Table
3.3), D is also limited in terms of the geometry of the duct itself and can be analyzed in terms
of the ratio of Al to As (which is wl/ws for constant h and hl/hs for constant w) and h/ws
(see Figure 3.6).
In Figure 3.7a the diodicity for Knm → ∞ is shown as a function of Al/As. For a constant
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Figure 3.7: Diodicity for Knm → ∞ according to Eq. (3.73a) versus Al/As (a). Curves
are calculated for diﬀerent ratios of h to ws. Symbols for the four ducts with slightly vary-
ing cross section used in gas ﬂow experiments are calculated with geometrical properties
stated in Table 5.1 in section 5.1. In (b) the diodicity and the mean pressure are plotted
against the ratio of h to ws for Knm = 1, 10, 100 and 1000. Curves are calculated for a
ﬁctional duct with ws = 2μm and wl being 40 times ws.
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ratio of h to ws D(Knm → ∞) decreases with increasing Al/As and approaches unity when
the ratio moves towards inﬁnity. This ﬁnding ﬁrst occurs to be contradictory to the hypothe-
sis formulated in section 1.2 but the derivation of Λj (section 3.4.3) clariﬁes that Λnoz as well
as Λdif increase with wl and thus the ratio decreases.
Further D(Knm → ∞) increases with h/ws because a diminishing ws (at constant Al/As)
yields a decrease of both Λnoz and Λdif and hence the ratio increases.
In Figure 3.7b the diodicity (thick curves) is plotted as a function of h/ws for a ﬁctional
duct with ws = 2μm and wl/ws = 40 at diﬀerent mean Knudsen numbers according to Eq.
(3.2). In general the diodicity is high for large Knm as it is pointed out earlier. The diodicity
increases with h/ws at constant Knm since section 1 in Figure 3.6, which is crucial for the
mathematical derivation of Λj , increases also. For the constant Knm in Figure 3.7b, the thin
curves represent the mean pressure pm which decreases with increasing rarefaction. Further
pm decreases when h rises and wl and ws remain constant (see Eq. (1.2) on page 2 and  in
Table 3.3).
Thus it can be concluded that the diode eﬀect is limited to the geometry itself and to the
rarefaction due to the very low pressures which are essential when a micro structure is given.
Operating a duct with slightly varying cross section at e.g. Knm = 1000 is impossible due
to the size restrictions of the manufacturing processes and the mass ﬂow measurement at
pressures on the order of magnitude of 1Pa.
3.4.5 Surface diﬀusion
In membrane and catalysis science surface diﬀusion is the dominating mass transport mecha-
nism when the pore size is on the order of magnitude of a few nanometers (Kaerger & Ruthven,
1992). Extensive theoretical and experimental studies on the dependency of gaseous surface
diﬀusion on pore size, temperature, and other inﬂuence parameters including gas mixtures
are given by Moon et al. (2005); Thornton et al. (2009); Markovic et al. (2009a,b); Petkovska
et al. (2011). Furthermore, MD simulations can contribute to the understanding of surface
diﬀusion and can, to some extent, substitute costly and time consuming experiments Pohl &
Heﬀelﬁnger (1999); Skoulidas & Sholl (2005); Krishna & van Baten (2009). Besides the books
of Kaerger & Ruthven (1992) and Cussler (2009), a current and clear review on the topic of
gas surface diﬀusion in porous structures is given by Medved & Černý (2011).
Since pore size is related to gaseous rarefaction, surface diﬀusion is assumed here to contribute
to the entire ﬂow rate in microscale ducts when the pressure is suﬃciently low.
Due to thermal motion, gas molecules collide inevitably with a close-by surface and can
be reﬂected, get adsorbed, or also migrate on the surface, dependent on the ratio of gas-gas
to gas-solid interaction strength (Kolasinski, 2001). In case of an ideal surface a monolayer
or a layer with a thickness of several molecules is formed. More realistic is the formation of
islands due to high-energetic defect sites like steps and kinks or functional groups (Oura et al.,
2003). The adsorption process can therefore be considered as the ﬁrst step of surface diﬀusion.
Simultaneously and consequently, the adsorption process is a mass transport resistance: No
surface diﬀusion without previous adsorption.
After adsorption of molecules from the bulk, the second step is the directed motion of the
adsorbed phase when a concentration gradient is present. Commonly, the activated, or site-
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hopping mechanism is used to describe submonolayer surface diﬀusion (Smith & Metzner,
1964; Mason et al., 1967; Roybal & Sandler, 1972). For the description of further possible
surface diﬀusion mechanisms reference is made to the book of Oura et al. (2003).
3.4.6 Maxwell-Stefan approach for modeling surface diﬀusion
Crucial for the amount adsorbed are temperature (which corresponds to the kinetic energy kT )
and the pressure of the bulk phase (representing the concentration of molecules in the bulk).
Assuming isothermal conditions, the amount adsorbed is a function of the pressure. With in-
creasing p the thermodynamic equilibrium between bulk phase and adsorbate phase is shifted
to a higher surface coverage θ which is the ratio of amount adsorbed q to the maximum amount
adsorbed q∗. The isotherm developed by Langmuir (1933) has proven to be useful in explaining
Kn
Tq
q
q
Figure 3.8: Qualitative Langmuir adsorption
isotherm. The concentration diﬀerence of ad-
sorbed gas molecules Δq due to a constant Δp
in the gas phase decreases with increasing pres-
sure p and decreasing Kn respectively. The cov-
erage is limited to the maximum amount ad-
sorbed q∗ which depends on the kind of gas and
on topology and chemistry of the solid surface.
experimental data and for theoretical delib-
eration (Myong, 2004). The expression for
θ according to Langmuir’s isotherm is
θ = q
q∗
= pKL1 + pKL
, (3.74)
with KL being the Langmuir constant. The
Langmuir adsorption isotherm is character-
ized by the fact that the gradient Δq/Δp
increases with decreasing p (Figure 3.8).
For an isothermal, pressure driven gas ﬂow,
Δp = pi − po is the diﬀerence of inlet pres-
sure to outlet pressure. Thus, for a given
Δp the diﬀerence of adsorbed gas molecules
Δq increases with rarefaction (Kn ∝ p−1 ac-
cording to Eq. (1.2)).
When the amount adsorbed at the duct in-
let qi is related to pi and qo depends on
po respectively, a concentration diﬀerence
of adsorbate Δq occurs over the length of
the duct. This diﬀerence, which is the driv-
ing force of surface diﬀusion, increases with
decreasing absolute pressure and increasing
Knudsen number, respectively.
In Figure 3.9 the contribution of the transport mechanism to an isothermal gas ﬂow caused
by Δp is illustrated qualitatively with respect to the rarefaction. At high absolute pressure
the surface of the duct is completely covered with the maximum amount that can be adsorbed
(Figure 3.8) and thus qi ≈ qo ≈ q∗. Thus Δq is near zero and hence there is no contribution
of surface diﬀusion. The entire mass ﬂow is dominated by convection superimposed with a
negligible contribution of molecular spatial diﬀusion (Veltzke & Thöming, 2012).
With decreasing pressure the amount adsorbed at the duct outlet is signiﬁcantly smaller than
q∗ and qi and thus a Δq occurs with the result of surface diﬀusion mass ﬂow. The relative
contribution of convection abates. Under very low pressure (high Kn) the entire coverage is
low but the diﬀerence is high (see Figure 3.8). Thus the entire ﬂow is determined by Knudsen
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Figure 3.9: Qualitative contribution of transport mechanism to the total ﬂow. The
driving force Δq for surface diﬀusion depends on absolute pressure of the bulk which
corresponds the gaseous rarefaction according to Eq. (1.2) on page 2.
diﬀusion superimposed with surface diﬀusion.
So far, this hypothesis only concerns the dependence of the driving force on the bulk pressure.
The dependence of the diﬀusivity is vice versa since low bulk pressure causes low coverage
and hence only very few molecules which can migrate on the surface. Thus the absolute
surface diﬀusion ﬂux results from the driving force as well as from the surface coverage. In
general the Maxwell-Stefan (M-S) approach is chosen to describe diﬀusion of two or more
species as these mass ﬂows always depend on each other. This is also the case for surface
diﬀusion of single gas where two separate species occur: Molecules in gas bulk phase (p)
and those adsorbed on the surface (q). Basic assumption is that bulk phase and adsorbate
phase are in an equilibrium state. Following Krishna & Wesselingh (1997), the M-S approach
combined with the Langmuir adsorption isotherm (which implicitly implies equilibrium) yields
a reasonable expression for the description of surface diﬀusion phenomena which is proven by
experimental work and simulation (Moon et al., 2005; Markovic, 2009; Krishna & van Baten,
2009). The Maxwell-Stefan diﬀusivity DMS of the ﬂux J in a single component system
J = −DMS ∂θ
∂x
= −DSq∗ 11 − θ
∂θ
∂x
, (3.75)
is also referred to as corrected diﬀusivity (Ruthven, 1984) since it depends on θ in contrast to
Fickian diﬀusivity DF (compare Eq. (3.41) on page 33). According to Eq. (3.75) the M-S
diﬀusivity decreases with surface coverage (Krishna & Wesselingh, 1997) which conﬁrms the
hypothesis stated above.
Thus, under a given rarefaction, DMS must increase with the surface area of a microscale duct
because the absolute amount adsorbed increases also. This qualitatively explains the increase
of G after Knudsen’s minimum in Figure 2.4 on page 14.
For modeling the third mass transfer term, assumption is being made that at every longitu-
dinal increment ∂x the adsorbed phase is in thermodynamical equilibrium to the gas phase in
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terms of the Langmuir isotherm (Figure 3.8). According to the M-S approach by Krishna &
Wesselingh (1997) the ﬂux J according to Eq. (3.75) along the walls of a duct is proportional
to the surface diﬀusion coeﬃcient DS . According to Oura et al. (2003) DS for mass diﬀusion
at real surfaces is given by an Arrhenius approach depending on the activation energy of
diﬀusion Edif and the energy of adatom formation ΔGA:
DS =
ν0a2
z
exp
(
−ΔGA + Edif
kT
)
. (3.76)
Here a is the adsorption site spacing and z is the number of neighboring sites (which is z = 2
when assuming transport only along the coverage gradient). Further ν0 is the oscillation
frequency of the adsorbed molecule which is kT divided by Planck’s constant, and thus only
aﬀected by temperature.
Separation of variables in Eq. (3.75) and integration from x = 0 to l and from inlet coverage
θi to outlet coverage θo respectively, yields
J = −DSq
∗
l
log
( 1 − θi
1 − θo
)
= DSq
∗
l
log
(
piKL + 1
poKL + 1
)
. (3.77)
To obtain the surface diﬀusion mass ﬂow rate, Eq. (3.77) is multiplied with cross-sectional
area and molar mass
m˙S =
A
l
DSq
∗M log
(
piKL + 1
poKL + 1
)
. (3.78)
From Eq. (3.78) it can be seen that m˙S increases with mean pressure and approaches zero
when po → pi. Corresponding to intuition, m˙S increases with surface diﬀusivity DS and
maximum amount adsorbed q∗.
Here it has to be mentioned for the sake of completeness that the assumption of adsorption-
desorption equilibrium for modeling surface diﬀusion under steady-state conditions lacks accu-
racy because adsorption and desorption rates are assumed to be constant at every longitudinal
position of the duct (Argönül et al., 2007).
Nevertheless, it can be expected that the adsorption and desorption process occur on a mi-
croscopic time scale which is completely diﬀerent to those of migration of the adsorbed gas
molecules, as it is pointed out by Brenig (1987). Hence assumption is being made that a
quasi-equilibrium state between the moving bulk and adsorbate phase exists. Hence the use
of the expression of Langmuir (1933) for mathematical modeling has its justiﬁcation.
3.4.7 Superposition of mass ﬂow contributions
According to Eq. (3.29) on page 31 the derived equations for the three transport mechanism
are added to obtain the entire mass ﬂow rate. Consequently the entire mass ﬂow rate is
m˙ = A
Pl
⎛
⎝KA2MpmΔp
2PμRT +
4AΔp
3
√
2M
RT
+ PDSq∗M log
(
piKL + 1
poKL + 1
)⎞⎠ , (3.79)
being the sum of convective transport according to Eq. (3.40), molecular spatial diﬀusion
corresponding Eq. (3.49) and surface diﬀusion expressed by Eq. (3.78).
For the purpose of a dimensionless expression of m˙, the reduced mass ﬂow rate G is introduced
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as the ratio of the entire mass ﬂow rate m˙ to the mass ﬂow rate of molecular spatial diﬀusion
m˙D according to Eq. (3.49):
G = m˙ 3Pl4A2Δp
√
RT
2M =
3KPpm
32Γμ
√
M
2RT + 1 +
3ΓDSq∗
PΔp
√
RTM
2 log
(
piKL + 1
poKL + 1
)
, (3.80)
with Γ = P 2/(4A) being the ratio of squared perimeter to cross-sectional area and K according
to Eq. (3.40). Hence Γ is a measure of the aspect ratio of the duct: For a tube Γ = π reaches
its minimum since the ratio of enclosed volume to duct surface is minimal. For a rectangular
channel with high aspect ratio Γ increases with w/h.
Using the left-hand side of Eq. (3.80), experimentally determined mass ﬂow rates can be
non-dimensionalized independent of the cross-sectional shape of the duct.
Finally Eq. (3.80) is expressed as a function of rarefaction in terms of the mean Knudsen
number according to Eq. (3.2) as
G = 3Kk64πσ2μKnm
√
MT
R
+ 1 + 3ΓDSq
∗
PΔp
√
RTM
2 log
(
piKL + 1
poKL + 1
)
. (3.81)
From this expression it can be clearly seen that the convective contribution decreases with
increasing rarefaction. Per deﬁnition the contribution of molecular spatial diﬀusion is through-
out unity and independent of Knm. The contribution of surface diﬀusion increases ﬁrst of
all with the aspect ratio expressed by Γ, secondly with decreasing absolute pressure of the
gaseous phase (low pi and po yields high m˙S) and thirdly with surface diﬀusivity DS (Eq.
(3.76)) and maximum amount adsorbed q∗.
This analytical investigation of the derived expression is in excellent agreement to the hy-
pothesis stated in section 3.4.6 and qualitatively sketched in Figure 3.9 on page 43.
In the following chapter, the mathematical models derived in this work are evaluated by
means of experimental results taken from literature.
As mentioned above, the contribution of surface diﬀusion is aﬀected by parameters regard-
ing the Langmuir adsorption model and the surface diﬀusivity. Hence the surface chemistry
of the duct walls and the interaction of gas molecules with the surface is assumed to have
signiﬁcant inﬂuence on the mass ﬂow rate when rarefaction increases.
In the last section of this chapter hypothetical correlations between gaseous mass ﬂow rate and
surface chemistry and gas-surface interactions are discussed. Consequently the opportunities
of functionalization of the microchannel surface are highlighted. Based on theoretical consid-
erations, functionalization agents are reviewed with the aim to functionalize a test channel.
The experimental approach is described in section 5.3 and the results are given in section 6.3.
3.5 Theoretical opportunities of functionalization of the
microchannel surface
In sections 3.3.2, 3.3.3, and 3.3.4 inﬂuence parameters on the tangential momentum accom-
modation coeﬃcient, and thus on the behaviour of micro ﬂows were discussed. The impact
factors include the gas-solid pairs and their interaction due to chemical potentials, varieties
of surface conditions such as lattice conﬁgurations, surface roughness, and presence of adsor-
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bents (Cao et al., 2009).
In section 3.4.6 the surface chemistry was identiﬁed to inﬂuence the gaseous ﬂow rate when
rarefaction and aspect ratio Γ of the duct are high. Following Eq. (3.81) the reduced mass
ﬂow rate G depends on DS according to Eq. (3.76) and on q∗ and KL from the Langmuir
equation (Eq. (3.74)). These three parameters strongly depend on the interaction strength
of the gas molecules to the surface. Hence the surface chemistry is crucial for G when the
requirements for dominance of the surface diﬀusion term (high Kn and Γ) are given (compare
Figure 3.9).
If it is possible to speciﬁcally enhance or reduce DS or q∗ for a given gas by means of altering
the surface chemistry of a microchannel, surface functionalization may open novel opportu-
nities on knowledge gain in the ﬁeld of rareﬁed gas ﬂows.
In the following subsection, hypothetic eﬀects of the surface chemistry on rareﬁed ﬂows are
discussed with respect to the surface diﬀusion term of the derived model (Eq. (3.78)). Based
on these theoretical considerations a selection of possible functionalization agents is given in
section 3.5.2.
In the experimental part of this thesis, one of the considered agents is used for surface function-
alization of etched silicon microchannels (section 5.3). A comparison of gas ﬂow experiments
on the same channels before and after functionalization is given in section 6.3.
3.5.1 Hypothetic eﬀect of surface chemistry on ﬂow behaviour
According to the hypothesis formulated in section 3.4.6 and illustrated by means of Figure
3.9, surface diﬀusion is the only transport mechanism which is aﬀected by the surface.
The ﬁrst step of gaseous surface diﬀusion (heterodiﬀusion) is the adsorption of bulk molecules
at the surface. Adsorbed moleculules are referred to as adparticles. In most cases, the
adparticle becomes mobile due to thermal activation and its motion is described as a random
walk. In the presence of a concentration gradient, the random walk motion of many particles
results in their net diﬀusion motion in the direction opposite to the direction of the gradient
(Oura et al., 2003).
The preceding adsorption process and the surface diﬀusion itself are aﬀected by many factors
such as gas-solid interactions, formation of surface phase (Oura et al., 2003), presence of
defect sites (related to surface roughness), and temperature. Strikingly, the same inﬂuence
parameters are identiﬁed when referring to tangential momentum accommodation.
Under ambient conditions, gas molecules adsorb by means of physisorption, which is deﬁned
by its signiﬁcantly weaker binding strength compared to chemisorption. The binding of gas
molecules to the surface is due to intermolecular forces without electron transfer (Bathen &
Ciprian, 2006). These are
• coulombic attractions of charged molecules,
• attractive forces between two dipole or quadrupole,
• dipole-ion interactions, and
• van-der-Waals forces between neutral particles, and neutral and polar particles, respec-
tively.
Gas adsorption at surfaces is as wide-ranging as widely studied. For further reading reference
is made to Kolasinski (2001) and further basic literature (Brunauer, 1945; Somorjai, 1972;
Atkins, 1978).
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As already mentioned in section 3.4.6, adsorption takes place at high-energetic sites (steps,
kinks, functional groups) and defects. An extensive introduction on surface science is given
by Oura et al. (2003). Concerning detailed data on structural defects at surfaces reference is
made to Henzler & Ranke (1993).
Thus, when covering or replacing the high-energetic sites of a surface by means of an irre-
versible chemical functionalization, gas adsorption and hence surface diﬀusion can be altered.
As a proof of principle of the stated considerations, a hydroxylated silicon surface is assumed
Oxygen atom
Hydrogen atom
Silicon lattice
Hydroxyl group
Figure 3.10: Hydroxilated silicon surface ob-
tained by MD simulation by Cole et al. (2007).
Hydroxyl groups are bound onto a naturally ox-
idized silicon surface.
and shown in Figure 3.10. Here the exam-
ple of hydroxylated silicon is chosen since
experiments of gaseous microﬂows are of-
ten performed on channels etched in silicon,
whereby the surface is hydroxylated. As il-
lustrated by means of the MD simulated sil-
icon surface by Cole et al. (2007) in Figure
3.10, the topmost atom layer features unsat-
urated bindings. After contact with oxygen
of the ambient air, a passivating oxidation
layer is spontaneously formed and the sur-
face gains an energetically stable state.
Following Zhang (2001), real silicon surfaces
are covered by an amorphous layer with a
thickness of 5−20Å. Due to the humidity of
the ambient air, polar hydroxyl groups are
formed which cause hydrophilic behaviour
of the surface. The coverage typically ranges from 4.6 to 5.5 OH groups per nm2 (Zhuravlev,
1987; Vansant et al., 1995).
Furthermore, water molecules adsorb at this strong polar surface to the eﬀect that real silicon
surfaces are always covered with a thin water ﬁlm (Wiegand, 2001; Cole et al., 2007).
How do gas molecules (e.g. argon, nitrogen, carbon dioxide) interact with such a surface?
As ﬁgured out by Shamir et al. (1999), argon and nitrogen interact even at room temperature
with a hydroxylated silicon surface. Shamir et al. attribute the interaction potential (which
causes adsorption) to an induced polarization of the neutral gas molecules by means of the
negative charge of the surface.
Furthermore, carbon dioxide also adsorbs at a silicon surface at room temperature as it is
experimentally shown by Antonini & Hochstrasser (1972) and Ueno & Bennett (1978). The
higher the concentration of OH groups at the surface, the more CO2 molecules adsorb (Ueno
& Bennett, 1978). Due to the relative strong quadrupole of the carbon dioxide molecule (Xu
et al., 2008), the interaction to the surface of an etched channel is considered to be higher
compared to higher-symmetric gases with less degrees of freedom (e.g. noble gases, nitrogen).
Nevertheless, all the considered gases adsorb at the surface of etched microchannels and
hence a contribution of spatial surface diﬀusion exists when a concentration gradient is
present. Consequently a functionalization of the surface should qualitatively alter the ﬂow
behaviour (permeability) of all gases.
In the following subsection, functionalization methods and agents are analyzed with respect
to alter the interaction potential of the surface.
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3.5.2 Approach and selection of possible functionalization agents
Due to the previously discussed characteristic of the silicon surface, it is assumed that a
modiﬁcation of the hydroxyl groups causes an alteration of gas-wall interactions. Hence an
enhancement of the amount of OH groups should increase the interaction potential, while a
removal should act as vice versa. For both cases, an alteration of the ﬂow behaviour under
high rarefaction is expected.
As mentioned in the last section and illustrated by means of Figure 3.10, an etched sili-
con surface is saturated with a speciﬁc concentration of OH groups. Hence an irreversible,
energetically stable increase of the OH concentration is diﬃcult to achieve. One possibility
is the plasma activation of a silicon surface as described by Olbrechts et al. (2006) or Habib
et al. (2010). When the surface is exposed to the plasma, adsorbed molecules like hydroxyl
groups and organic contaminants are removed (Kissinger & Kissinger, 1991; Habib et al.,
2010). Further, oxygen radicals are implemented in the existing amorphous layer (Olbrechts
et al., 2006). Both eﬀects yield additional binding sites for adsorption of (new) hydroxyl
groups. After exposition to the atmospheric ambiance, a huge amount of new OH groups is
formed spontaneously.
This method is used for preparation of a microchannel by Tan et al. (2010). Here the hy-
drophilicity of a polydimethylsiloxane (PDMS) microchannel is enhanced for microﬂow ex-
periments with water.
Nevertheless, the enhanced OH concentration is temporarily unstable. It is observed that the
polarity of the surface steadily decreases with time (Kissinger & Kissinger, 1991; Wiegand,
2001; Habib et al., 2010; Tan et al., 2010). The duration until the initial concentration is
regained varies from 20 h (Habib et al., 2010) over seven days (Tan et al., 2010) up to 20 days
(Kissinger & Kissinger, 1991).
On the other hand, a temporarily stable reduction of OH groups is simple to achieve by
means of chemical functionalization. One possibility is the silanization as it is shown in Fig-
ure 3.11. In the reaction scheme octadecyltrichlorosilane (OTS, C18H37Cl3Si) is shown as a
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Figure 3.11: Silanization reac-
tion of a hydroxylated silicon sur-
face with a monolayer of adsorbed
water. Own illustration follow-
ing Zhuang et al. (2007) and Yang
(2008).
possible agent to silanize a hydroxylated silicon surface.
According to Figure 3.11, even a monolayer of adsorbed water is suﬃcient for that the hy-
drolysable headgroup of the OTS molecule binds strongly at the surface. For each bound
molecule, three hydrochloric acid molecules are released. After silanization, the nonpolar
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chain of eighteen carbon atoms protrude at the surface like trees. Due to the cross-linking of
the OTS, a highly-ordered monolayer is formed and the concentration of eﬀective OH groups
is signiﬁcantly reduced (Kirkpatrick & Muhlstein, 2007).
Silanization can be performed by means of a liquid reaction or by deposition from the vapour
phase (chemical vapour deposition, CVD).
For liquid reactions it has been shown that the OTS molecules often agglomerate, and de-
position is very inhomogeneous. Thus the surface roughness is signiﬁcantly enhanced (Dong
et al., 2006; Yang, 2008). In contrary, by means of CVD a very homogeneous monolayer can
be deposited without negative alteration of surface roughness (Dong et al., 2006).
Consequently a suitable agent and an appropriate method for functionalization is identiﬁed.
In section 5.3 the microchannel treatment with OTS by means of a self-constructed set-up is
described. In section 6.3 it is shown by means of microﬂow experiments with various gases,
if the functionalization has any inﬂuence on the gaseous ﬂow behaviour.
49

4 Validation of the CDS model by
literature data
The derived model is applied to the prediction of experimental data of gaseous ﬂows in mi-
crochannels and microtubes with uniform cross section. A selection of experimental work is
already stated in Table 2.1 on page 8. All experimental results which are used to evaluate
the model derived in the previous chapter have been performed under isothermal conditions
around room temperature with helium, argon, nitrogen and air as working gases (Table 4.1).
The Reynolds number and the Mach number are consistently low so that the assumptions
stated in section 3.4.1 are complied. In Table 4.1 the geometric properties of the test ducts
Table 4.1: Values of geometrical and process parameters in gas ﬂow experiments taken from literature.
Temperatures marked with † are not stated in primary literature and assumed as room temperature
(298K).
References Geometry and size Gases T (K)
Circ.,  = d (μm) l (mm)
Lalonde (2001) 3.9, 20.3, 52.8 20.4, 20.4, 100 Air 294, 298
Ewart et al. (2006) 25.2 53 N2 296.5
Ewart et al. (2007a) 25.27 53 He, Ar, N2 298†
Marino (2009) 110 150 N2 298†
Perrier et al. (2011) 49.6 18.2 He, Ar, N2 296.5
Yamaguchi et al. (2011) 535.6 46.9 N2 293
Rect.,  = h;w (μm)
Shih et al. (1996) 1.2; 40 4 Ar 293
Arkilic (1994) 1.33; 52.25 7.5 He 314
Arkilic et al. (1997a) 1.33; 52.3 7.49 Ar 293
Arkilic et al. (1997b) 1.33; 52.25 7.5 He 314
Zohar et al. (2002) 0.53, 0.97; 40 4 Ar, N2 293
Ewart et al. (2007b) 9.38; 492 9.39 He ∼296
Graur et al. (2009) 9.38; 492 9.39 Ar, N2 ∼293
Pitakarnnop et al. (2010) 1.88; 21.1 5 He, Ar 298.5
Diverse,  = dh (mm)
Varoutis et al. (2009) ≈ 16 1,277 N2 298†
stated in primary literature are given as well as the characteristic length of the Knudsen
number  according to Table 3.3 on page 39. Also temperatures T and the gases used in
experiments are stated to indicate which physical properties are used for calculation. The
appropriate gas properties are given in Table 4.2.
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Table 4.2: Properties of gases used in cited literature. The
molecular diameter of Air is calculated as the weighted average
of the diameters of N2 and O2. The values for the molecular
diameter are taken from Cussler (2009). Values in brackets are
unused here but stated for completeness.
Gas M (gmol−1) σ (pm) μ (10−5 Pa s)
293K 298K 314K
He 4.003 255.1 1.997 2.019 2.088
Ar 39.95 354.2 2.255 2.286 (2.383)
N2 28.01 379.8 1.746 1.769 (1.841)
Air 28.96 373.1 1.812 1.836 (1.912)
For the quantiﬁcation of the
quality of the derived model, the
coeﬃcient of determination e is
used. According to Steel & Tor-
rie (1980) e is deﬁned as
e = 1 −
∑n
i=1(ωi − ωˆi)2∑n
i=1(ωi − ω¯)2
, (4.1)
where ωi is the value of the data
point (e.g. Re, S, G), ω¯ is the
average of these and ωˆi is the
predicted value calculated with
the appropriate equations. When ﬁtting a curve to a set of data (section 4.2), ﬁtting parame-
ters are varied until the coeﬃcient of determination reaches a maximum (least-squares ﬁtting).
This chapter is sub-divided with respect to the order of rarefaction. Following Figure
1.2 on page 3, ﬁrst the the so-called slip-ﬂow regime and the beginning transition regime
(0.01 < Kn < 0.3, section 1.1), are focused in detail. After that the whole range of Kn up
to 30 is regarded. Finally the ﬁndings of comparison of experimental data to the analytical
model derived are brieﬂy discussed.
4.1 Slip ﬂow and beginning transition regime
The measured mass ﬂow rate m˙ is put into a non-dimensional form using the Reynolds number
Re = ρou¯o
μ
= ρoV˙o
μA
= m˙
μA
, (4.2)
with ρo being the gas density at the duct outlet and u¯o is the mean velocity just there. Further
the product of the volumetric ﬂow rate at the outlet V˙o with ρo equals m˙. The geometric
properties, cross-sectional area A and , are calculated according to Table 3.3 on page 39 and
stated for both geometries (tube and rectangular channel with high aspect ratio) in Table 4.1.
The modeled mass ﬂow rate according to Eq. (3.50) on page 35 is recalculated likewise as
Re = d
2po
μRTl
(
dMpo
64μ (P
2 − 1) + 13
√
2MRT (P − 1)
)
; (4.3a)
Re = h
2po
3μRTl
(
hMpo
8μ (P
2 − 1) +
√
2MRT (P − 1)
)
, (4.3b)
for tube and rectangular channel with h << w as a function of the pressure ratio P = pi/po.
The convective and diﬀusive conductivities in Eq. (3.50) are replaced by Ψ and Λ stated in
Table 3.3.
Figure 4.1 shows Re as a non-dimensional measure of the mass ﬂow rate as a function P.
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The experimental mass ﬂows are extracted from the given literature and non-dimensionalized
according to Eq. (4.2) for the microchannel experiments and for the microtube data of Lalonde
(2001). The geometries of the ducts required for these calculations are speciﬁed in Table 4.1
and μ is given in Table 4.2. For the microduct experiments shown in Figure 4.1 the outlet
pressure po is always kept constant. The quality of the simulation is quantiﬁed by the value
of e according to Eq. (4.1) which clearly shows that all experimental data are invariably well
predicted.
Figure 4.1: Mass ﬂow rate given
as Reynolds number versus pres-
sure ratio P for various channel ge-
ometries, gases, temperatures (Ta-
ble 4.1) and outlet pressures. Com-
parison of experimental data (sym-
bols) and predictions (lines) yield
coeﬃcients of determination e close
to unity. The experimental out-
let pressure is kept constant to
; ∗; ; ◦, po = 100 kPa;
, 101.3 kPa; , 50 kPa and +,
102.7 kPa. (Veltzke & Thöming,
2012)
Ar
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Comparing exemplarily argon ﬂows in rectangular channels, the channel of Shih et al.
(1996), although smaller in cross-section, yields a higher permeability compared to the chan-
nel of Arkilic et al. (1997a), which is due to the smaller length. Also comparable are the data
of Arkilic et al. for argon (Arkilic et al., 1997a) and helium (Arkilic et al., 1997b) generated
in the same channel. Due to the distinctly higher molar mass and the lower temperature (see
Eq. (4.3b)) the argon ﬂow is much higher despite identical outlet pressure.
Furthermore, another dimensionless mass ﬂow rate S is introduced as the ratio of the total
mass ﬂow rate according to Eq. (3.50) on page 35 to the convective proportion according to
Eq. (3.39) on page 33
S = m˙
m˙C
= 1 + Λμ3Ψpm
√
2RT
M
. (4.4)
The mean pressure pm can be expressed by means of the mean Knudsen number Knm as a
measure of the rarefaction. Thus Eq. (3.2) on page 18 is reconverted to pm and applied in
Eq. (4.4)
S = 1 + 64π3
μσ2 Knm
k
√
R
MT
; (4.5a)
53
4. Validation of the CDS model by literature data
S = 1 + 8πμσ
2 Knm
k
√
R
MT
. (4.5b)
The predicted dimensionless mass ﬂow rate S is independent of any geometrical property
such as length, diameter, width and height and is also independent of the driving force (P or
Δp). Only the gas (μ(T ), σ, M) aﬀects S. The comparison of geometries in Eq. (4.5) shows
that the only diﬀerence consists on a constant factor (64π/3 and 8π) which is approximately
2.5 times higher for the tube.
While the model for convective gas ﬂows at laminar and subsonic conditions according to Eq.
(3.40) is proportional to the product of pm and Δp, the diﬀusive mass ﬂow according to Fick’s
ﬁrst law is merely proportional to the pressure diﬀerence (Eq. (3.49) on page 35). Therefore
the diﬀusive proportion of the total ﬂow is high when the mean pressure is low, which is
synonymous to a high rarefaction. For high absolute pressures or large pressure gradients the
convective transport is dominant.
For an evaluation of the derived model over a wider range of rarefaction, the dimensionless
mass ﬂow rate S as the measured mass ﬂow rate divided by Poiseuille’s law for compressible
ﬂuids is plotted versus Knm. Figure 4.2 shows the data points given in literature and the
corresponding predictions for tube and channel at room temperature. While S can be exactly
predicted for the tube, the data points of the rectangular channels slightly diverge from the
prediction with increasing rarefaction.
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Figure 4.2: Dimensionless mass
ﬂow rate S as a function of the
rarefaction and appendant predic-
tions (lines). Predictions are cal-
culated by means of Eq. (4.5) with
T = 298K and gas properties given
in Table 4.2. (Veltzke & Thöming,
2012)
As mentioned earlier, molecular spatial diﬀusion is considered as becoming the dominant
transport mechanism as rarefaction increases. Thus the diﬀusive proportion X is introduced
as the ratio of the diﬀusive mass ﬂow rate according Eq. (3.49) to the total mass ﬂow rate
(Eq. (3.50))
X = m˙D
m˙
= ΛμRT
√
2M
3ΨMpm
√
RT + ΛμRT
√
2M
. (4.6)
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With the convective and diﬀusive conductivities Ψ and Λ Eq. (4.6) writes
X =
⎛
⎝ 3
64π
k
μσ2 Knm
√
MT
R
+ 1
⎞
⎠
−1
; (4.7a)
X =
⎛
⎝ 1
8π
k
μσ2 Knm
√
MT
R
+ 1
⎞
⎠
−1
, (4.7b)
for the tube and the rectangular channel with high aspect ratio. According to (4.7a) and
(4.7b), X rises besides increasing rarefaction with rising viscosity of the gas. This is reason-
able due to the inversely proportional dependency of the convective ﬂow on the viscosity.
Since the viscosity of a gas increases with the power of 0.5 with temperature (Atkins &
De Paula, 2006), the diminishing inﬂuence of the temperature is compensated or overcom-
pensated when using the formula of Sutherland (1895).
Since X is linked to S in terms of
X = m˙D
Sm˙C
, (4.8)
the experimental data can be recalculated accordingly, and are shown in Figures 4.3 and
4.4 where X is plotted versus the mean Knudsen number. Conﬁrming the hypothesis, the
Figure 4.3: Diﬀusive proportion as
a function of the rarefaction and
appendant predictions (lines) for
tubes. Predictions for helium (solid
line) and nitrogen (dashed line) are
calculated by means of Eq. (4.7a)
with T = 298K and gas proper-
ties given in Table 4.2. (Veltzke &
Thöming, 2012)
diﬀusive proportion increases with rarefaction regardless the cross-sectional geometry. Nev-
ertheless, there are two remarkable diﬀerences:
• The indirectly measured diﬀusive proportion in the tube is signiﬁcantly higher compared
to the rectangular channel with high aspect ratio.
• While the calculation for the tubes match the data exactly (Figure 4.3), a deviation of
curves and data is to be seen in Figure 4.4. The model underestimates the data when
rarefaction increases.
Hence it must be supposed that diﬀusion is dependent on the duct geometry due to the ratio
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Figure 4.4: Diﬀusive proportion as
a function of the rarefaction and ap-
pendant predictions (lines) for rect-
angular channels with high aspect
ratio. Predictions for argon, nitro-
gen and helium are calculated by
means of Eq. (4.7b) with T = 298K
and gas properties given in Table
4.2. (Veltzke & Thöming, 2012)
of volume and area of the wall. Holding the minimum in that ratio, the tube reaches the
maximal diﬀusive proportion. Thus it is likely that there is an inﬂuence of the wall at higher
Knudsen numbers which aﬀects other diﬀusion mechanism (Malek & Coppens, 2003; Cussler,
2009), which are negligible in the non-rareﬁed and slightly rareﬁed regime.
The rarefaction-dependent underestimation of data in channels with high aspect ratio
(h << w) by the evaluated model indicates the presence of an additional ﬂow mechanism
which is somehow related to the speciﬁc area of the duct wall. Also the contribution of this
mechanism must be increasing with Kn.
In the following section a wider range of rarefaction is regarded to examine this hint.
4.2 Free molecular regime
The complete set of reviewed experimental mass ﬂow data over a wide range of rarefaction
(0.01 < Knm < 30) is stated in Table 4.3 and plotted in Figure 4.5 as reduced mass ﬂow rate
G (Eq. (3.81) on page 45) against the mean Knudsen number Knm. Here G is calculated
in terms of P and A instead of the channel height or tube diameter as it is done in primary
literature. For the abscissa Knm is used as a function of dh = 4A/P and mean pressure pm
according to Eq. (3.2). The geometrical properties for recalculation of data are stated in
Table 4.4.
Up to Knm ≈ 0.08 all data follow the same trend indiﬀerent whether the duct is rectan-
gular with high aspect ratio or of any other cross-sectional shape. Starting in the range of
Knudsen’s minimum the trend of the data on rectangular channels diverge from the trend of
data obtained in ducts with small Γ.
In the rectangular channel the ﬂow rises distinctly with increasing rarefaction after the Knud-
sen minimum in contrast to the tube (and the other ducts with Γ/π ≈ 1) where the level of
the ﬂow almost stays constant. Here it is worth noting that the data of Varoutis et al. (2009)
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Table 4.3: Duct geometry and material, temperature, and gases used in mass ﬂow experiments
over a wide range of rarefaction (0.01 < Knm < 30) taken from literature.
References Geometry Surface Temperature Gas
Varoutis et al. (2009) Circular Stainless steel Ambient N2
Square
Isosc. trapez.
Equil. trian.
Marino (2009) Circular INOX
Yamaguchi et al. (2011) Silica 20 ◦C
Ewart et al. (2007b) 291.6 - 297.K He
Graur et al. (2009) Rectangular Ambient N2, Ar, He
R
2
= 0.994
R
2 = 0.981
Figure 4.5: Reduced mass ﬂow rate G versus Knm. Data for various duct cross-sections
and gases are taken from literature (Table 4.3) and normalized using values stated in
Table 4.4. Exemplarily plotted curves for data of Ewart et al. (2007b) obtained on a
rectangular channel with high Γ and Varoutis et al. (2009) (circular cross section) are
calculated according to the CDS model of superimposed ﬂows (Eq. (3.81) on page 45) by
adapting DSq∗ and KL. Fitting parameters are varied until the coeﬃcient of determination
R2 according to Eq. (4.1) reaches its maximum (least-squares ﬁtting). All adaption
parameters and appropriate R2 are stated in Table 4.5.
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Table 4.4: Geometric properties of ducts used in mass ﬂow experiments over a wide range of rar-
efaction (0.01 < Knm < 30). All values are taken from cited literature.
Geometry dh (m) l (mm) A (m2) P (m) Γ/π
Circular d πd/4 πd
Varoutis et al. (2009) 15.96 × 10−3 1277 2.00 × 10−4 50.14 × 10−3 1.00
Marino (2009) 11.00 × 10−5 150 0.95 × 10−8 34.56 × 10−5 1.00
Yamaguchi et al. (2011) 53.56 × 10−5 46.9 2.25 × 10−7 16.83 × 10−4 1.00
Square w w2 4w
Varoutis et al. (2009) 15.89 × 10−3 1277 2.52 × 10−4 63.56 × 10−3 1.27
Isosc. trapez. 2(W+w)hW+w+2h/sinα
W+2
2 h W + w +
2h
sinα
Varoutis et al. (2009) 16.48 × 10−3 1277 2.83 × 10−4 68.67 × 10−3 1.33
Equil. trian. 23b
4√
3b
2 3b
Varoutis et al. (2009) 17.06 × 10−3 1277 3.78 × 10−4 88.65 × 10−3 1.65
Rectangular (2wh)/(w + h) wh 2(w + h)
Ewart et al. (2007b) 18.41 × 10−6 9.39 4.61 × 10−9 10.02 × 10−4 17.34
Graur et al. (2009) 18.41 × 10−6 9.39 4.61 × 10−9 10.02 × 10−4 17.34
obtained in four channels with diﬀerent cross section (circular, square, trapezoidal, triangu-
lar) but nearly identical Γ show no signiﬁcant distinction. The crucial diﬀerence between
channels with high aspect ratio and all other ducts is the relative surface area of the walls
which is extremely high for a high aspect ratio and minimal for circular cross section. Also
the data obtained in steel tubes (Marino, 2009) and in a silica tube (Yamaguchi et al., 2011)
are without any considerable disparity.
The two exemplarily shown curves in Figure 4.5 are found by regression of Eq. (3.80) by
adapting the Langmuir constant KL and the product of DS and q∗. The adapted parameters
for each duct-gas combination are listed in Table 4.5 in the following section. As a measure
for the quality of the regression the coeﬃcient of determination according to Eq. (4.1) is used.
Therefore a routine is written in MATLAB1 to ﬁnd KL and DSq∗ which yield the maximum
value for R2 of each data set.
The logarithmic behaviour of the derived model is in excellent agreement to the experimental
data when adapting two parameters in the surface diﬀusion term. The terms for convection
(Poiseuille’s law) and Knudsen diﬀusion are consistently predictive. Knudsen’s minimum is
described reliably due to the decreasing contribution of convection and the emerging contri-
bution of surface diﬀusion nearby the minimum.
4.3 Discussion of ﬁndings
A consistently predictive model is presented for the analytical calculation of microduct gas
ﬂows at low Mach number and moderate rarefaction (Kn < 0.3). The entire mass ﬂow rate is
considered as a simple superposition of convective transport and molecular spatial diﬀusion
since the surface diﬀusion term is negligible for low Kn (see Figure 4.6). The model is applied
1MATrix LABoratory, R2010b
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to the simulation of experimental results given in literature. For all measurement series on
microtubes the calculated curves match the data points accurately (Figures 4.2 and 4.3),
which yields two consequences for modeling rareﬁed gas ﬂows:
• A prediction of the mass ﬂow rate (or pressure drop likewise) is possible without the
assumption of wall slip in the so-called slip-ﬂow and transition regime (Gad-el-Hak,
1999). Knowing geometrical dimensions of the duct, temperature, gas properties, and
inlet- and outlet pressure, the resulting mass ﬂow rate can be calculated without any
adaption parameter, as which the TMAC can be termed.
• The classiﬁcation of non-rareﬁed to moderately rareﬁed gas ﬂows in continuum, slip and
transition regime (Figure 1.2 on page 3) becomes obsolete when the ﬂow is considered
as a superposition of diﬀerent ﬂow mechanisms over the whole range of Kn.
For rectangular channels data and model diverge with increasing rarefaction (Kn > 0.15)
when assuming a superposition only of convection and molecular spatial diﬀusion. Neverthe-
less, predictions in the slip regime and beginning transition regime are throughout accurate
(Figures 4.1, 4.4 and 4.5).
Concerning moderately rareﬁed ﬂows it is shown that the diﬀusive proportion X and like-
wise the dimensionless mass ﬂow rate S is not inﬂuenced by any variable regarding the surface
topology. In consequence of the broad varying surface roughness (Table 3.2 on page 29) of the
Convection
Surface diffusion
Mol. Diffusion
Figure 4.6: Segregation of mass transport
mechanism in a rectangular channel with high
aspect ratio. The reduced mass ﬂow rate G ac-
cording to Eq. (3.81) is plotted versus the mean
Knudsen number Knm as a measure of gaseous
rarefaction. The single contributions to G are
calculated according to Eqs. (3.40), (3.49) and
(3.78) with geometric properties stated in Table
4.4.
ducts the cited authors used, the results
of Turner et al. (2004) are conﬁrmed thus
far, that surface roughness has no in-
ﬂuence on mass transfer in slightly and
moderately rareﬁed gas ﬂows. Further
the inconsistencies concerning the depen-
dency of the TMAC on surface rough-
ness (section 3.3.4) leads to reasonable
doubts about the slip boundary condi-
tion and the state-of-the-art approach in
modeling ﬂow processes. Nevertheless
there might be an inﬂuence of roughness
at higher Knudsen numbers due to ad-
ditionally superimposed surface diﬀusion
which is dependent on molecular residence
times at the wall (Malek & Coppens,
2003).
In both previous sections it is found that
the ratio of channel surface to volume has
signiﬁcant inﬂuence on gaseous ﬂows in mi-
croducts when rarefaction increases (Figure
4.5). The presented model enables to seg-
regate the diﬀerent transport mechanism as
it is shown in Figure 4.6. Here the data of
Ewart et al. (2007b) and Graur et al. (2009) measured on a rectangular silicon microchan-
nel with high aspect ratio are shown. The derived model is plotted for the single transport
mechanism. The convective contribution (thin solid line) descends steeply with increasing
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rarefaction and is negligible for Knm > 1. According to Eq. (3.81) on page 45, the contribu-
tion of molecular spatial diﬀusion (thin dotdashed line) is not aﬀected by rarefaction and is
unity by deﬁnition. The contribution of surface diﬀusion is shown as thin dashed curve. The
thick curve is the total reduced mass ﬂow rate shown in Figure 4.5 as the sum of the three
transport mechanisms.
The contribution of surface diﬀusion is negligible for low rarefaction due to the complete
coverage of the duct surface which causes the absence of a driving force. With increasing
rarefaction surface diﬀusion gains importance which ﬁnds its expression in the rising of G
after Knudsen’s minimum. Due to the dependence of the Maxwell-Stefan diﬀusivity on the
coverage θ, this increase is degressive since only few molecules are adsorbed at the surface
and can be transported by surface diﬀusion.
Table 4.5: Adaption parameters KL and DSq∗ for regression of the model to experimental data,
and coeﬃcient of determination R2 according to Eq. (4.1). Langmuir adsorption parameters KL
and q∗g of Harlick & Tezel (2003) and Moon et al. (2005) are measured by gas chromatography and
gravimetric method at 40 ◦C and ambient temperature, respectively. Surface diﬀusion coeﬃcient DS
is measured by Moon et al. (2005) using a modiﬁed Wicke-Kallenbach experiment. Cells indicated
with †: changing of KL and DSq∗ does not aﬀect the values of neither G nor R2; Cells indicated
with ‡: Not stated in primary literature, or no suﬃcient information for calculation.
Data source Solid/gas KL (Pa−1) DSq∗Vduct (molm
2
s ) R2
Varoutis et al. (2009) Steel/N2 /† /† 0.982
/† /† 0.975
Marino (2009) INOX/N2 /† /† 0.963
Yamaguchi et al. (2011) Silica/N2 /† /† 0.998
Graur et al. (2009) 8.493 × 10−3 1.119 × 10−14 0.931
Silica/Ar 7.213 × 10−3 1.083 × 10−14 0.886
Silica/He 2.389 × 10−3 1.105 × 10−13 0.947
Ewart et al. (2007b) 2.402 × 10−3 1.102 × 10−13 0.994
Chromatographic, gravimetric and Wicke-Kallenbach cell DSq∗gmsample (molm
2
s )
Harlick & Tezel (2003) ZSM-5/N2 2.906 × 10−6 /‡ /‡
Moon et al. (2005) MTES/N2 4.827 × 10−6 2.102 × 10−13 /‡
With ﬁnding KL and DSq∗ by least-squares ﬁtting for the optimal regression of G, adsorp-
tion data is "measured" by means of microﬂow experiments. For the evaluation of the adapted
parameters and comparison with conventional measured KL and DSq∗ focus is laid on the
solid/gas combination silica/N2. The comparison is diﬃcult to that eﬀect that gravimetric or
volumetric adsorption measurement of nitrogen is usually performed either at very low tem-
perature, or on porous substrates with very high speciﬁc surface (e.g. Vycor glass, zeolites).
This might explain why KL measured by Harlick & Tezel (2003) and Moon et al. (2005) using
gas chromatography and gravimetric method respectively, is three orders of magnitude lower
compared to the result derived from the experiments of Graur et al. (2009) (Table 4.5). An-
other explanation for the discrepancy is the completely diﬀerent pressure condition. Harlick
& Tezel (2003) measured the amount of adsorbed ranging from 10 to 90 kPa and Moon et al.
(2005) in a range from 5 to 12 kPa while the microchannel measurements by Graur et al.
(2009) are performed under conditions down to 14Pa.
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Moon et al. (2005) also measured the M-S diﬀusivity at zero loading (DS) of nitrogen on
their methyltriethoxysilane (MTES) templating silica layer using a modiﬁed Wicke-Kallenbach
cell. They found DS to be 2.689 × 10−8 m2 s−1. Using the gravimetric method for measuring
nitrogen adsorption at 293K, Moon et al. (2005) found KL and q∗g by ﬁtting their data with
the Langmuir model (Eq. (3.74) on page 42). They derived q∗g to be 0.0391×10−3 mol g−1. For
comparison with the data obtained from microﬂow experiments, the absolute amount adsorbed
q∗ (in molm−3) on the one hand is multiplied with the volume of the duct Vduct = whl and on
the other hand q∗g (in mol g−1) with the mass of the sample msample = 2mg. Thus DSq∗gmsample
is 2.102×10−13 molm2 s−1 which is surprisingly close to the value of 1.119×10−14 molm2 s−1
which is derived from the microﬂow data of Graur et al. (2009) when using the CDS model
according to Eq. (3.81).
This indicates that from mass ﬂow measurements on microscale ducts at low pressure adsorp-
tion data could be obtained for materials with very low surface area.
Unfortunately no data is found for channels with high aspect ratio made of steel or an-
other material than etched silicon. Further, Graur et al. (2009) used diﬀerent gases for the
measurements but no signiﬁcant distinction between neither argon, helium nor nitrogen is
to be seen (Figure 4.5, Table 4.3). These ﬁndings are not inconsistent with the depicted
hypothesis of surface diﬀusion since no serious contribution is expected for the ducts with
small Γ indiﬀerent whether made of steel or silicon/silica. Also the diﬀerent gases used for
the experiments of Graur et al. (2009) are hardly diﬀerent regarding the interaction strength
to a silica surface. None of the used gases has a dipole or a signiﬁcant quadrupole moment
which causes a high interaction potential to the hydroxyl groups of the silica surface (section
3.5.1). Concerning the adsorption behaviour the measured gases act more or less similar.
As a conclusion of this chapter, it can be argued that the ﬁrst aim of the thesis formulated
on page 4 is suﬃciently fulﬁlled. A mathematical formulation of the stated hypothesis is
developed in section 3.4 which is thoroughly evaluated by means of experimental data taken
from literature. For the slip-ﬂow regime and the beginning transition regime the analytical
model is consistently predictive. With increasing rarefaction the surface diﬀusion term gains
importance and adaptation of two parameters is necessary. However, the shape of the curve
(and hence the type of derived function) is in excellent agreement to data.
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5 Experimental section
This section covers all practical work and experiments presented within the current thesis.
First, the investigated microchannels are object of contemplation including manufacturing,
geometry and dimensions. In the second section of this chapter focus is laid on the measure-
ment of gaseous mass ﬂow. Herein the experimental set-up is presented being the ﬁxture and
periphery for the diﬀerent microchannel systems. Further attention is payed to data acqui-
sition, resolution of the sensors, analysis of the error distribution and two diﬀerent methods
for evaluating the mass ﬂow measurement method. The third section deals with the func-
tionalization of one microchannel system including apparatus and procedure as well as the
veriﬁcation of the performed functionalization.
5.1 Microchannel production
For the experimental studies of the current work two kinds of microchannels are used. On
the one hand a single rectangular channel with constant cross section is manufactured with
the purpose of validating the experimental set-up for mass ﬂow measurement. Also this chan-
nel is used to perform measurements under moderate rarefaction to ensure that a measured
diode eﬀect on ducts with slightly varying cross section is not artiﬁcially caused by the exper-
imental set-up itself. On the other hand microchannels with alongside slightly varying cross
section (further referred to as tapered microchannels) are within the scope of experimental
investigation (see section 3.4.4). The dimensions of all microchannels investigated in gas ﬂow
experiments are stated in Table 5.1.
Table 5.1: Dimensions of micromilled tapered notches and etched microchannels used in gas ﬂow
experiments. Systems with internal names Si-7, Si-5 and Si-9 consist of each ﬁve silicon wafers
(Figure 5.2c) with a varying number of channels n. The varying number is due to the diﬀerent ratios
of large cross section Al to small cross section As.
Name Material n Small dimensions (μm) Length (mm)
h w l
RC20 AlMg3 1 20.0 ± 0.03 100.08 ± 0.06 30.01 ± 0.1
hs hl w l
Al-3 AlMg3 1 0.98 ± 0.21 252.80 ± 0.16 1007.50 ± 3.13 11.05 ± 0.1
ws h wl l
Si-7 Si(100) 5 × 429 2.2 ± 0.01 9.0 ± 0.03 22.1 ± 0.08 15.0 ± 0.1
Si-5 Si(100) 5 × 350 2.2 ± 0.03 9.0 ± 0.03 27.4 ± 0.11 7.5 ± 0.07
Si-9 Si(100) 5 × 75 2.2 ± 0.02 9.0 ± 0.03 132.0 ± 0.17 15.0 ± 0.1
The channels are manufactured by means of two diﬀerent production methods which are
presented in the following subsections.
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5.1.1 Micromilled aluminum channels
The rectangular channel with uniform cross section with 20μm height (RC20) and the ta-
pered duct with alongside varying height (Al-3) are manufactured by milling a long notch
into a piece of aluminum (AlMg3) using raster ﬂy-cutting. As schematically shown in Figure
5.1a, the notch is capped with another plain piece of aluminum with high quality optical
surface. Both parts are screwed together and sealed by means of perfectly plain surfaces. All
parts are manufactured by the LFM1 using a Nanotech 350FG 2. As cutting tool a diamond
facet-tool with a cutting edge width of 100μm is used. The cutting conditions are as follows:
Spindle turning of 2000min−1; feed rate of 200mmmin−1; cutting depth of 25μm per cut
when roughing and 10μm for the ﬁnishing step.
I(b)
I(a) I(c)
100 m
30mm
20 m
0.5 m
I(d)
11mm
1mm
Figure 5.1: Microchannels
milled in aluminum. A single
channel with uniform cross-
section is sealed with a plain
aluminum cover with a high
surface ﬁnish and assembled in
an aluminum block (a). The gap
is sealed with a two-component
adhesive. Nominal channel
geometries are checked using
optical proﬁlometry (b). In (c)
the holding ﬁxture of a single
tapered channel is shown. The
channel accrues by assembling
one part with a milled notch
with a plain part. High quality
optical surfaces act as sealing.
Channel length corresponds the
block thickness. The notch of
Al-3 with a signiﬁcant inclina-
tion (d) is visualized by optical
proﬁlometry.
The length l of the uniform rectangular channel shown in Figure 5.1a,b is 30.01 ± 0.1mm
and thus large compared to height h = 20.0±0.03μm and width w = 100.08±0.06μm. Hence
the channel is referred to as a long channel where entrance and outlet eﬀects are negligible
(Arkilic et al., 2001).
The notch of duct Al-3 shown in Figure 5.1d has a length of 11.05±0.1mm which corresponds
the thickness of the aluminum block. The height is changing from hs = 0.98 ± 0.21μm to
hl = 252.80 ± 0.16μm while the width of w = 1007.50 ± 3.13μm is constant.
Each notch width and depth are measured 20 times using optical proﬁlometry (PLμ2300,
Sensofar) and arithmetic mean (Table 5.1) and uncertainty are calculated. The length is
measured by means of direct light microscopy (also 20 times for calculation of arithmetic
mean and uncertainty). Both test channels shown in Figure 5.1 can be assembled into the
experimental set-up shown in Figure 5.3 in section 5.2.
1LFM - Laboratory for Precision Machining, University of Bremen
2Moore Nanotechnolgy Systems, Keene, NH, USA
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5.1.2 Etched silicon channels
The second type of tapered microchannels is fabricated by deep reactive-ion etching (DRIE)
in silicon Si(100) by the IMSAS3. This etching method is a standard procedure for production
of micro electromechanical systems (MEMS). The processing root is described in detail by
Franssila (2010).
The channels are etched in a rectangular wafer and capped with a glass plate by fusion
l
Ih
Glass
Silicon
Iw
Iwl
is
Channel
bundlei
O-ring
Aluminum block
I(b)
I(a)
I(c)
9 m
2.2 m
Figure 5.2: Tapered microchannels produced
by deep reactive-ion etching (DRIE) in silicon
wafers. Channels are capped with a glass plate
by fusion bonding. Schematic (a) gives the cru-
cial dimensions height h, small width ws, large
width wl and length l. In (b) a SEM image of
the narrow aperture of one channel is shown.
All microscopic dimensions are measured on 20
channels using SEM for calculation of average
and uncertainty. To enhance the mass ﬂow, ﬁve
wafers are combined to a stack which is assem-
bled in an aluminum block (c).
bonding. Dependent on the geometry (in-
ternally named Si-7, Si-5 and Si-9) each
wafer contains n such channels. As indi-
cated in the scheme in Figure 5.2a the cross-
sectional area changes due to the alongside
varying width. A more detailed scheme is
already shown in Figure 3.6 on page 35.
The channel length l of 15.0 ± 0.1mm and
7.5 ± 0.07mm, respectively corresponds the
length of the rectangular wafer the chan-
nels are etched in. The height h (or etch-
ing depth) is constant with 9.0 ± 0.03μm
for all three geometries. The 429 chan-
nels of Si-7 have the lowest ratio of in-
let to outlet cross-sectional area. Here the
width is changing alongside one channel
from ws = 2.2 ± 0.01μm at the small aper-
ture to wl = 22.1 ± 0.08μm at the wide
aperture. For Si-9 the wide aperture wl =
132.0±0.17μm is much higher and thus one
wafer only contains 75 channels. The width
of channels of type Si-5 is changing from
ws = 2.2 ± 0.03μm at the small aperture to
wl = 27.4 ± 0.11μm at the wide aperture
but the length is diﬀerent to Si-7 and Si-9
(Table 5.1). One Si-5-wafer has n = 350
channels.
As indicated in Figure 5.2b, ws, wl and h are measured for 20 channels using scanning elec-
tron microscopy (SEM) and arithmetic mean and uncertainty are calculated. The length is
measured also for 20 channels using a direct light microscope. The mean surface roughness
of the etched silicon and the glass cover is measured to be 9.8 ± 0.1 nm using an optical pro-
ﬁlometer (PLμ2300, Sensofar).
According to Figure 5.2c ﬁve glass-covered wafers are combined to a stack with the purpose
to achieve a mass ﬂow which is reliably measurable (compare section 2.2). This bundle is
inserted into a quadratic aluminum block (25mm edge length, 10mm thick) and sealed with
a two-component adhesive. The aluminum block has two bores where thermocouples can be
inserted for temperature monitoring during the gas ﬂow measurement.
The aluminum block in which the channel bundle is inserted, is identical to the blocks of
3IMSAS - Institute for Microsensors, -actuators and -systems, University of Bremen
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the micromilled single test channels. Thus, this channel can also be implemented into the
subsequently presented rig.
5.2 Mass ﬂow measurement
To obtain meaningful and reliable mass ﬂow data on the previously presented channels,
an experimental set-up is designed, constructed and build. The "heart" of the set-up is a
temperature-controlled apparatus in which the aluminum blocks with the diverse mircoducts
can be inserted. This rig embedded in its periphery is shown in Figure 5.3.
In the ﬁrst subsection the hardware (apparatus and periphery) is presented. For detailed
manufacturing drawings, photos, data sheets and ex-works calibration certiﬁcates of the mea-
suring instruments, reference is made to Appendix A.
Pressure gauge
Pressure gauge
Temperature sensor
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Figure 5.3: Sectional drawing of the experimental apparatus embedded in the process
ﬂow diagram of the set-up. Beyond the termed elements the set-up includes: Gas supply
valve (1); mass ﬂow controller (2); bypass valve (3,5); mass ﬂow sensor (4); pressure vessel
(6); ball valve (7,8); vacuum pump (9). All types of channels according to Figures 5.1 and
5.2 used for the experiments can be assembled into the apparatus. Parts indicated with
roman numbers are explained in section 5.2.1.
The following subsections emphasise the experimental set-up, data acquisition in terms of
analog and digital data processing, two diﬀerent measurement methods including the evalu-
ation and analysis of errors.
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5.2.1 Experimental set-up
Figure 5.3 gives a sectional drawing of the experimental apparatus embedded in the process
ﬂow diagram of the set-up. The apparatus consists of two chambers in which temperature
is measured by PT1000 resistance thermometers (WIKA, TF35) and absolute pressure is
measured by a pressure gauge (GESensing, PMP4070). The inlet of the upstream chamber
is connected to the gas supply (1) via a mass ﬂow controller (2) (Bronckhorst, F-201CV-
ABD-11-Z). The outlet of the downstream chamber is connected to a vessel (6) with a vol-
ume of 15 liters by a mass ﬂow sensor (4) (Bronckhorst, F-110C-002-AGD-11-V). Technical
speciﬁcation and resolution of sensors are stated in Table 5.2. Both, the mass ﬂow sensor
Table 5.2: Technical speciﬁcation and resolution of the mass ﬂow controller (MFC) and all sensors
used in gas ﬂow experiments. All stated values are manufacturer informations.
Value Controller/Sensor Range Accuracy
Mass ﬂow (C) F-201CV, Bronckhorst 2.084 × 10−8 ... 2.084 × 10−7 kg s−1 ±0.5%†
Mass ﬂow (S) F-110C, Bronckhorst 2.918 × 10−10 ... 1.459 × 10−8 kg s−1 ±2.0%†
Pressure PMP4070, GESensing 0.1 ... 160 kPa(a) ±0.04%†
Temperature TF35-PT1000, WIKA −50 ... 300 ◦C -
† Of the mean
(MFS) and mass ﬂow controller (MFC) can be bypassed (valves 3 and 5) for evacuating
M4
IV
III
Figure 5.4: Assembling of a channel system
(etched silicon channels) into the ﬁxture.
and cleaning of the overall system. Fur-
thermore, both chambers have a second
connection to a vacuum pump (9) via
ball valves 7 and 8 for this very pur-
pose.
The two components bearing the two
chambers (I and II in Figure 5.3) are
equipped with a circular canal for thermal
oil to temper the complete apparatus which
is made of stainless steel. When a channel
system is newly mounted into the apparatus
or is turned over for measuring the perme-
ability in opposite direction, the apparatus
is assembled as described subsequently.
As indicated in Figures 5.1, 5.2 and 5.3 all
channel systems are integrated in aluminum
blocks of identical dimensions with O-rings
at the front and back. First the aluminum block is laid into the milling pocket of the central
disc (III in Figure 5.3) as it is shown in the exploded assembly drawing in Figure 5.4. The
block is ﬁxed by a smaller disc (IV) which presses the O-rings and hence seals the front and
back of the central disc. Here four M4 screws are used to press IV into III.
The component with the downstream chamber (I) has two conduction pivots (V and VI in
Figure 5.3) with a length of 25 cm. First one disc (VII) with O-rings at each side is slided
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on the pivots to touch component I. Then the same is done with the ﬁxture (III) bearing the
aluminum block with channels, another disc (VIII) identical to VII, and the component with
the upstream chamber (II). Finally six long M8 screws are used to ﬁx the whole apparatus.
5.2.2 Data acquisition
Each measuring device listed in Table 5.2 is connected to a power supply and creates an
analog signal in return, which is proportional to the physical variable of interest (temperature,
pressure and mass ﬂow). The analog signals are converted into a digital signal for further
processing and acquisition. As an A/D converter the NI USB-62114 of National Instruments
is used. This device transforms voltage signals from −10 to +10V into numerical values
as schematically shown in Figure 5.5. Frequency of acquisition can be freely chosen and is
adjusted to 6Hz. Thus for each measured variable six values per second are acquired.
P T PT
T
F
>-
Setpoint 10
0
V
V
V
V
°C
°C
Pa
Pa
kg
kg
s
s
V
V
Analog / Digital
MFC MFS
Figure 5.5: Interface of hardware and software of the experimental set-up. Analog voltage
signals are converted to a digital signal and processed in a virtual instrument programmed
in LabVIEW. Sensor calibration, pressure diﬀerence controlling and data acquisition are
implemented in the virtual instrument. Data is acquired with a frequency of 6Hz. Selected
data (inlet and outlet pressure and temperature, mass ﬂow) is exported to a txt-ﬁle.
The PT1000 resistance thermometers (indicated with T in Figure 5.5) receive a highly-
constant current of Iconst = 1mA. The PT1000 has an electrical resistance which is a function
of temperature in terms of
R(θ) = R0
(
1 + B1θ+ B2θ2
)
, (5.1)
with B1 = 3.9083 × 10−3 ◦C−1 and B2 = −5.775 × 10−7 ◦C−2. The value R0 is the nominal
resistance which is 1000Ω at θ = 0 ◦C (Nau, 2004). According to Ohm’s law, a voltage signal
U(θ) = R(θ)Iconst, (5.2)
as a function of the temperature can be measured. As an example, following Eqs. (5.1) and
(5.2) an electrical potential of U = 1.2V is induced at θ = 48.5 ◦C.
4NI USB-6211 with 16-Bit, 250 kS s−1 M series multifunction DAQ, Bus-Powered
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The two pressure gauge indicated with p in Figure 5.5 return a voltage signal in the range of
0 to +10V which proportionally covers the measuring range from 0 to 160 kPa(a).
The MFS returns a current signal of 4mA from 0 to 2.918 × 10−10 kg s−1 and 20mA for
m˙ ≥ 1.459 × 10−8 kg s−1 (see Table 5.2). With a parallel connected shunt resistance of 500Ω
the current signal is proportionally converted to a voltage signal which can be received and
processed by the NI USB-6211.
Further the NI USB-6211 has also channels for creating analog output (AO) signals by con-
verting numerical values entered by the user into voltage signals from −10 to +10V. One of
the four AO-channels is connected to the MFC shown in Figure 5.5 to address the control
valve of the device.
Following, the conversion of measured and created voltage signals in physical values of each
measuring variable are described.
a) Temperature: The digital voltage value U is converted to a temperature value with unit
◦C within a SubVI in the virtual instrument programmed in LabVIEW5. Following Eqs.
(5.1) and (5.2) the temperature is calculated to
θ = − B12B2 +
√
B21
4B22
− U0 − U
B2U0
, (5.3)
with B1 and B2 stated earlier. The acquired temperature values measured in both cham-
bers are permanently written into a txt-ﬁle while the virtual instrument is running.
b) Pressure and Δp-control: Both PMP4070 gauge are calibrated by GESensing ex works.
The calibration function for converting voltage into pressure with unit Pa is
p = 16019.78
[
PaV−1
]
U, (5.4)
which is applied in two additional SubVIs according to Figure 5.5. Analogous to the tem-
perature values, the pressure values are collected in the same txt-ﬁle for each time step
(six values per second).
In the virtual instrument the pressure diﬀerence Δp = pi − po is calculated and compared
as the actual value to a setpoint value. This comparison yields a boolean value which is
true if the setpoint value exceeds the actual value and false if vice versa. In the case of
true a numerical constant with value 10 is converted into an analog signal of +10V which
is given to the MFC to fully open the control valve. In the case of false a zero is given to
the MFC and the valve is shut.
By means of this simple boolean operation, control of Δp between both chambers is real-
ized.
c) Mass ﬂow: Due to the measuring principle of the F-110C (commercial calorimetric mass
ﬂow sensor; see section 2.2), a calibration function for every single working gas exists. The
calibrations are performed ex works by Bronckhorst, and curves are provided for
m˙N2 = 2.088 × 10−8
[
kg s−1 V−1
]
U − 1.250 × 10−11
[
kg s−1
]
; (5.5a)
m˙CO2 = 1.557 × 10−8
[
kg s−1 V−1
]
U − 0.834 × 10−11
[
kg s−1
]
; (5.5b)
5National Instruments LabVIEW, version 8.5
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m˙Ar = 2.923 × 10−8
[
kg s−1 V−1
]
U − 1.667 × 10−11
[
kg s−1
]
; (5.5c)
m˙O2 = 2.046 × 10−8
[
kg s−1 V−1
]
U − 1.250 × 10−11
[
kg s−1
]
; (5.5d)
m˙CH4 = 1.616 × 10−8
[
kg s−1 V−1
]
U − 1.042 × 10−11
[
kg s−1
]
; (5.5e)
m˙H2 = 2.098 × 10−8
[
kg s−1 V−1
]
U − 1.250 × 10−11
[
kg s−1
]
. (5.5f)
Before starting a measurement the appropriate SubVI has to be activated by the user.
Analogous to the values of temperature and pressure the mass ﬂow data is logged in the
same manner.
In the following subsection the test procedure for mass ﬂow measurement is presented with
regard to the data acquisition.
5.2.3 Continuous test procedure
The apparatus shown in Figure 5.3 is brought to the desired operation temperature. Valves
3, 5, 7 and 8 are opened and the complete system is evacuated by the vacuum pump (9) to a
pressure of 0.1 kPa while the gas supply is closed. Then the system is ﬁlled with the current
working gas (e.g. nitrogen) to a pressure of 150 kPa. Afterwards, the supply valve is closed
and the vacuum pump is switched on again. This procedure is repeated 10 times to ensure
that the contamination of the system with other gases is negligible. After this preparatory
cleaning procedure the system is brought to the desired working pressure and valves 3, 5, 7
and 8 are closed.
I(a)
I(b)


Figure 5.6: Exemplary analysis of
data obtained using the continuous
method. Measured inlet and outlet
pressure versus time (a) and mea-
sured mass ﬂow (F-110C) versus time
(b). When the mass ﬂow caused by
a constant pressure diﬀerence reached
steady state all values (pressure, tem-
perature, mass ﬂow) are averaged
over 100 seconds (600 data points)
and exported for further processing.
Measurements are performed under
isothermal conditions. The setting
and control of diﬀerent Δp is realized
by a boolean operation implemented
in the virtual instrument programmed
in LabVIEW. Results are obtained in
the framework of the Master’s work of
Stumpf (2012).
The mass ﬂow measurements are performed automatically by the virtual instrument pro-
grammed in LabVIEW. In the virtual instrument (schematically shown on the right hand side
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of Figure 5.5), a time schedule is implemented which gives a certain Δp to a certain time τ
as a setpoint value. As can be seen in Figure 5.6a, the pressure diﬀerence is changed by the
program from 600 to 700mbar at τ = 2000 s, exemplarily. Since the setpoint value is higher
compared to the actual value, the boolean operation results in true and a numerical value of
10 is converted by the NI USB-6211 to a voltage signal of +10V which fully opens the control
valve of the MFC.
Via the MFC (9) the working gas is ﬂowed into the upstream chamber until the desired
pressure diﬀerence between both chambers is reached. Then the boolean operation results
in false and the MFC closes its control valve. Here it is worth noting that the control valve
operates within a fraction of a second. Thus the simple boolean operation is used to control
Δp between both chambers very satisfactory, as it is proved by Figure 5.6a.
When the measured mass ﬂow reached steady state (Figure 5.6b), the data (mass ﬂow, in-
let pressure and temperature, outlet pressure and temperature) is logged and averaged over
10minutes (see vertical lines in Figure 5.6). Afterwards the next pressure diﬀerence is ad-
justed by the program. As indicated in the example in Figure 5.6 nine diﬀerent Δp are
adjusted and resulting mass ﬂow rate is measured. This procedure is further referred to as
one single measurement.
5.2.4 Twofold evaluation of set-up and test procedure
The experimental set-up presented in section 5.2.1 allows for the performance of a second,
independent procedure for mass ﬂow measurement. This method is referred to as the constant
volume method which is most commonly used for measuring gaseous mass ﬂow in microducts
(see section 2.2). Here this method is used for evaluation of the continuous test procedure
presented in the previous subsection.
A second evaluation is performed using the channel with uniform rectangular cross section
RC20 shown in Figure 5.1a,b.
In the constant volume method the mass ﬂow rate is indirectly determined by means of
measuring the pressure variation in one of the chambers assuming quasi-steady state of an
ideal gas. Using the equation of state, the time derivative of the mass in the inlet chamber is
proportional to the temporal change of the inlet pressure
m˙ = ∂mi
∂τ
= ViM
RT
∂pi
∂τ
, (5.6)
where Vi is the volume of the inlet chamber. To calculate m˙ according to Eq. (5.6), the
volume Vi has to be determined most exactly. From the CAD drawing the "pure" chamber
volume can be derived but besides the manufacturing inaccuracies, the volumes of valves,
tubes, ﬁttings, and the pressure gauge remain unknown.
The precise volume of the inlet chamber is deduced from the pressure change occurring by
changing the volume in syringe (50mL) connected to the chamber via valve 7 in Figure 5.3.
The complete volume can be estimated from Boyle’s law (Arkilic, 1997)
VBoyle =
ΔV p∗
p∗ − p
(
1 + p
∗ − p
p∗
)
. (5.7)
Here ΔV is the volume diﬀerence caused by pulling the plunger of the syringe and p∗ is the
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initial pressure before expanding the volume. The plunger is pulled according to a ΔV of 2mL
and the pressure in the inlet chamber is measured. Then the plunger again is pulled in steps
of 2mL to the 18mL marking and the respective pressure is measured at every step. In Figure
5.7a the volume VBoyle calculated by means of Eq. (5.7) is plotted against the diﬀerence of
p∗ and reduced pressure due to pulling the plunger. Data is ﬁtted linear and the y-intercept
conforms the complete chamber volume which is Vi = VBoyle|p=p∗ = 2.112 × 10−5 m3.
Figure 5.7: Estimation of inlet chamber volume Vi and constant volume method for mass
ﬂow measurement. In (a) the inlet chamber volume is obtained by plotting the volume
of the chamber and a connected syringe versus the pressure diﬀerence which is changed
by volume expansion due to pulling the plunger. The chamber volume conforms the y-
intercept of the ﬁtted line. In (b) the pressure in the inlet chamber pi is measured versus
time while the gas ﬂows through the uniform rectangular channel into the outlet chamber
connected to the pressure vessel (6 in Figure 5.3) at constant po. Three measurements
are performed at diﬀerent outlet pressures using diﬀerent gases at diﬀerent temperatures
under isothermal conditions. By means of a tangent the gradient of pi can be determined
at each Δp. The gradient and the appendant pi and po are exported for further processing.
After determination of Vi, discontinuous measurements are performed with the purpose to
validate the continuous test procedure. In Figure 5.7b the inlet pressure is plotted versus
time τ for three experiments using diﬀerent gases, temperature and outlet pressure. Here the
rectangular channel with uniform cross section (RC20, Table 5.1; Figure 5.1a,b) is used for
testing.
In detail the procedure is as follows: First the complete system shown in Figure 5.3 is brought
to the speciﬁed temperature and then evacuated using vacuum pump (9) while valves 3, 5,
7 and 8 are opened and supply valve (1) is shut. Then the pump is switched oﬀ and the
respective working gas is ﬂowed into the system via valve 1 until the desired outlet pressure is
reached. Afterwards valves 3, 7 and 8 are closed and the initial inlet pressure is adjusted using
the MFC (2). With setting the MFC on zero, the experiment starts and data is logged until
equilibrium is reached. By means of a tangent (see Figure 5.7b) ∂pi/∂τ can be calculated at
each Δp and the appendant pi, po, Ti, and To are exported also.
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Figure 5.8: Twofold validation of the continuous test procedure and veriﬁcation of the lower
limit of the measuring range. In (a) the measured mass ﬂow rate is related to μ, T and M
and plotted versus the product of pm and Δp. The open symbols refer to data estimated
by means of the constant volume method. Mass ﬂow rate is calculated according to Eq.
(5.6) with ∂pi/∂τ derived from discontinuous measurements (Figure 5.7b). Gas properties for
calculation are given in Table 5.3. In (b) the mass ﬂow calculated by means of Poiseuille’s law
is plotted versus measured mass ﬂow data obtained on RC20 at Knm < 0.002. Geometrical
values and gas properties used for calculation are stated in Tables 5.1 and 5.3. In (c) the
ratio of calculated mass ﬂow rate to measured mass ﬂow rate is plotted against m˙ for ﬁnding
the lower limits of the measuring range of both methods.
In Figure 5.8a the measured mass ﬂow rate is related to dynamic viscosity μ, temperature
T and molar mass M and plotted versus the product of mean pressure pm and Δp. The open
symbols refer to data estimated by means of the constant volume method. The mass ﬂow rate
is calculated according to Eq. (5.6) with ∂pi/∂τ derived from discontinuous measurements
shown in Figure 5.7b. Gas properties μ and M used for calculation are stated in Table 5.3.
Filled diamond symbols in Figure 5.8a are measured by means of the continuous procedure.
Both methods are completely independent but show good quantitative agreement of data.
Furthermore, a lot of mass ﬂow measurements using the continuous method are performed
under very low rarefaction on the rectangular channel with uniform cross section. For a
second, independent validation, measured mass ﬂow rate is compared to the mass ﬂow rate
calculated by Poiseuille’s law according to Eq. (3.40) on page 33.
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Table 5.3: Properties of gases used in gas ﬂow experiments.
Gas M
(
gmol−1
)
σ (pm) μ
(
10−5 Pa s
)
10 ◦C 20 ◦C 30 ◦C 35 ◦C 40 ◦C 50 ◦C
N2 28.01 379.8 1.700 1.747 1.792 1.815 1.837 1.881
O2 31.99 362.0 1.961 2.017 2.072 2.100 2.127 2.180
Ar 39.95 354.2 2.194 2.256 2.317 2.347 2.378 2.437
CO2 44.01 394.1 1.400 1.449 1.497 1.521 1.544 1.592
Measurements are performed at diﬀerent constant temperatures in the range from 20 to 50 ◦C
using nitrogen and carbon dioxide as working gases. The pressure in the outlet chamber is
adjusted to 100 kPa so that the mean Knudsen number is throughout smaller than 0.002 and
Poiseuille’s law experientially yields reasonable results (Gad-el-Hak, 1999).
As clearly shown in Figure 5.8b the data points lie lined up on the angle bisector of the
coordinate system and hence measured data are in very good agreement to the analytical
solution.
Thus the method of measurement can be considered as proved by two diﬀerent and inde-
pendent strategies. The twofold validation of the measurement technique also implies the
elimination of systematic errors. This means that the experimental procedure is consistent
with negligible systematic errors compared to the random errors focused in the following sub-
section.
Furthermore, the range of measurement of both methods is checked by plotting the ratio
of calculated mass ﬂow rate to measured mass ﬂow rate versus m˙ (Figure 5.8c). For both
methods the lower limit is found to be approximately 5 × 10−10 kg s−1 which is in quite good
agreement to the manufacturer information of the F-110C (compare Table 5.2). Concerning
range of measurement and resolution there is no considerable distinction between the contin-
uous test method and the constant volume method performed at the set-up presented here.
For this reason the continuous test procedure is used in this work since the method is easier
to automate and hence less time-consuming.
5.2.5 Analysis of distribution of measurements and random errors
In experimental science a theoretical model is evaluated and proved based on the results of
experimental evidence and thus the analysis of this evidence is crucial for the method in gen-
eral. While systematic errors are proved to be negligible (subsection 5.2.4), a random error
analysis is essential for evidence of the experimental results.
In this work all single measurements (as described in subsection 5.2.3) are performed at
least in triplicate for stochastic validation. For the visualization of e.g. the mass ﬂow rate
as a function of Δp all data points can be simply plotted in a diagram without particular
investigation of random errors.
However, for the determination of the indirectly measured diodicity (Eq. (3.73) on page 40)
D = m˙nozΔpdif
m˙difΔpnoz
√
Tnoz
Tdif
. (5.8)
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the random error is crucial for experimental evidence. The error of D must be calculated
by means of an error propagation using mean values of the six parameters in Eq. (5.8) and
appropriate errors. Since arithmetic mean and standard deviation are values appendant to
the Gaussian distribution, a statistical test has to be performed to prove whether the data
are normally distributed or not (Dytham, 2006). Hence a statistical test has to verify if it
is permissible to use arithmetic mean and standard deviation (of three or more measured
values) for calculation of D and other indirectly measured values.
Table 5.4: Arithmetic mean and standard deviation of data obtained by mass ﬂow measure-
ments for the Anderson-Darling test. All n = 8 measurements are performed under identical
conditions (θ = 20 ◦C, po = 7.6 kPa) with nitrogen as working gas and ﬁve diﬀerent Δp. The
threshold value PAD of the Anderson-Darling test is calculated according to Eq. (5.9).
n Δp (kPa) eΔp (kPa) m˙m (10−10 kg s−1) em˙ (10−11 kg s−1) SAD PAD
8 15.0 0.62 3.189 2.084 −22.979 3.870
8 17.5 0.81 4.897 2.709 −21.765 3.710
8 25.0 0.55 10.712 2.501 −20.845 3.584
8 30.0 0.36 14.901 2.709 −20.638 3.555
8 45.0 0.75 29.634 3.751 −20.259 3.501
The Anderson–Darling test (Anderson & Darling, 1954) is one of many procedures com-
monly encountered to check if a set of data is normally distributed (Dytham, 2006). For the
test eight single mass ﬂow measurements under identical conditions (outlet pressure, temper-
ature, nitrogen as working gas) are performed according to section 5.2.3. By means of the
LabVIEW virtual instrument ﬁve diﬀerent Δp are adjusted and arithmetic mean m˙m and stan-
dard deviation em˙ are calculated from the data set of n = 8 single measurements (Table 5.4).
Ip = 7.6 kPa
Iθ = 20 C°
Ip =
Nitrogen
Io
Figure 5.9: Statistical distribution of mass ﬂow
data for diﬀerent Δp.
The value PAD is the probability of the data
being normal distributed and is mathemat-
ically expressed by
PAD =
√−SAD − n, with (5.9)
SAD =
n∑
i=1
(2i − 1)
n
(ln(Zi) + ln(Zn−i+1)) .
Here Z is the cumulative distribution func-
tion. The parameter PAD is a threshold
value: If PAD < 0.05, the data set signiﬁ-
cantly deviates from a normal distribution
(Anderson & Darling, 1954). For all mea-
sured Δp stated in Table 5.4 PAD is through-
out larger than 0.05 and the hypothesis that
the mass ﬂow data follow a Gaussian distri-
bution cannot be refused.
This result is conﬁrmed by Figure 5.9 where
the probability of m˙/m˙m is plotted versus
the mass ﬂow rate measured in single measurements related to the arithmetic mean m˙m of
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all eight measurements. The lines are ﬁtted for Gaussian distribution by means of the least
mean square method. For each Δp the data is in perfect agreement to the curves and thus a
normal distribution is most likely.
As a consequence it is permissible to use arithmetic mean and standard deviation for calcu-
lation of indirectly measured values using the continous test procedure at the experimental
set-up.
5.3 Surface functionalization
As ﬁgured out in section 3.5.1, surface chemistry is discussed to inﬂuence the gas ﬂow in
microchannels under rareﬁed conditions. For a qualitative investigation a surface function-
alization is chosen and performed with the aim to compare the permeability of an identical
channel system before and after functionalization.
After obtaining mass ﬂow data on one channel system (Si-9) with a hydroxylated silicon
surface (subsection 3.5.1), the channel walls are functionalised by means of a silanization.
As an agent octadecyltrichlorosilane (OTS, C18H37Cl3Si, Merck, boiling pressure at room
temperature approximately 2 kPa) is used in a vapour phase process (CVD) performed in a
self-constructed apparatus.
Nitrogen
Pump
Pressure
gauge
Dia-
phragm
Valve
Switching
valve
Flask
Silane
Aluminum
block
Wafer
Figure 5.10: Set-up for silanization of the mi-
crochannel surface.
5.3.1 Apparatus
for silanization reaction
The aluminum block with the glass-capped
silicon wafers shown in Figure 5.2c on page
65, is clamped between a disc with a cen-
tered bore and a kind of steam dome as
shown in Figure 5.10. The O-rings at both
sides of the aluminum block seal the con-
nections against the atmosphere. Below
the disc a two-necked ﬂask is centered and
pressed against the underneath of the disc
by two threaded rods. Between the up-
per neck and the disc is another gasket.
The second neck of the ﬂask is equipped
with a valve and a T-piece adapter with
one outlet connected to the steam dome
and the straight outlet sealed with a dia-
phragm. The steam dome is connected to
a pressure gauge for monitoring and a valve
which can be switched between a vacuum
pump and a source for protective gas (ni-
trogen).
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5.3.2 Procedure of functionalization
The silanization has to be performed under protective gas atmosphere due to the fact that
the liquid silane reacts spontaneously with the humidity of the ambient air (compare section
3.5.2). Hence a preparatory procedure is performed before starting the silanization process.
First the valve at the second bottleneck is opened and the switching valve is switched to the
running vacuum pump. Thus the complete system is evacuated to a pressure of 0.1 kPa(a).
Then the valve is switched to the nitrogen line until the pressure reaches 400 kPa(a) while the
valve at the neck remains open. Then the valve is switched to the pump and the complete
system is evacuated again. This procedure is repeated 10 times to ensure to remove the
humidity in the set-up.
Afterwards the pressure in the system is adjusted to 200 kPa(a). Through the diaphragm
a long cannula is stung and 4mL of pure OTS are injected into the ﬂask. The cannula is
removed and the overpressure in the system prevents the ingress of ambient air. Then the
switching valve is again opened to the pump and the pressure is carefully reduced to 10 kPa(a).
Then the valve at the neck of the ﬂask is closed. The pressure in the dome is further reduced
to 0.1 kPa(a) and the pump remains running. Hence a pressure gradient occurs over the
length of the channels, which are the sole connection between the ﬂask containing the OTS
and the vacuum pump. After three hours the OTS starts boiling and the silane vapour ﬂows
through the channels towards the pump. After another two hours the procedure is ﬁnished
by turning oﬀ the vacuum pump and adjusting the pressure to 100 kPa(a). This duration for
the functionalization procedure is chosen in reference to Dong et al. (2006). Then the valve
at the neck of the ﬂask is opened and the aluminum block is built out the functionalization
apparatus.
Finally the aluminum block with the now silanized microchannels is again implemented in
the experimental apparatus as shown in Figure 5.4.
5.3.3 Veriﬁcation of altered surface chemistry
The identical procedure is completed at a second, identical wafer with the aim to prove if
the functionalization is performed successfully. Therefore the aluminum block is carefully
destroyed by grinding and thus the glass-covered silicon wafer is removed oﬀ its ﬁxture. Fol-
lowing Wang & Lieberman (2003) the OTS molecules bind to the hydroxyl groups at the
surface and form a highly ordered self-assembled monolayer (Figure 3.11 in section 3.5.2)
which covers and thus inactivates the OH groups. Hence the comparison of the contact angle
of (polar) water at the hydroxylated and the silanized surface is a straightforward qualitative
indicator for the successful functionalization.
Using a reﬂected-light microscope with a camera, ﬁrst a non-functionalized reference wafer is
placed on the microscope stage and three channels are focused through the glass cover. Then
a droplet of highly pure water is pipetted on the one end of the channels which directly is
soaked in by capillary force. Photos of the water meniscus are taken through the glass cover
(Figure 5.11a). The contact angle is quite low which indicates a polar surface due to a high
concentration of hydroxyl groups. The same is done with the silanized wafer shown in Figure
5.11b where the contact angle is observed to be signiﬁcantly larger compared to the reference
wafer.
Thus it is shown that the surface chemistry of the channels is successfully altered and the
majority of polar OH groups is inactivated.
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Water WaterAir Air
20 mμ
I(a) I(b)
Figure 5.11: Veriﬁcation of
silanization procedure. Water
meniscus in the channels is pho-
tographed through the glass cover
as a qualitative proof for successful
functionalization: Before (a) and
after (b) silanization procedure.
In the following chapter experimental results obtained by means of the experimental set-up
on the presented test channels are shown and discussed. Also the comparison between gas
ﬂows before and after silanization is provided.
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In section 1.2 the hypothesis of this thesis is formulated and corresponding aims are stated.
Here it is postulated that a slightly tapered duct acts as a gas diode to the eﬀect, that the
permeability is higher when it is perfused like a nozzle than vice versa. Further, as outlined
by means of Figure 1.3 on page 5, this diode eﬀect is expected to increase with rarefaction
due to the diminishing contribution of convective transport to the entire ﬂow. The ﬁrst two
sections of this chapter give the experimental proof of the outlined diode eﬀect.
Furthermore, as a second evaluation of the model derived in chapter 3, experimental data ob-
tained on slightly tapered microchannels (section 5.1) are used for comparison to predictively
calculated curves.
Finally, the last section emphasizes the topic of surface functionalization of microchannels.
Precedent, analytical investigations on the inﬂuence of the surface chemistry on microﬂows
are carried out in section 3.5. The practical execution of the functionalization and the proof
of the altered surface chemistry are described in section 5.3.
6.1 Pressure driven gas ﬂow in slightly tapered ducts
As stated above and simulated by means of Eq. (3.73) on page 40, the diode eﬀect is increasing
with rarefaction (see Figure 3.7b on page 40). As a quantitative measure of the rarefaction in
tapered ducts, the Knudsen number according to the left-hand side of Eq. (3.2) on page 18 is
used with a slight modiﬁcation: Since the characteristic length  varies alongside the channel,
the hydraulic diameter at the small aperture and at the large aperture must be taken into
account. For that purpose,  for varying rectangular cross-section stated in Table 3.3 on page
39 is used, and Eq. (3.2) writes
Knm =
kT√
2πσ2pm
= kTPsPl√
2πσ2 (pi + po) (AsPl + AlPs)
. (6.1)
For the ordinate, the mass ﬂow rate (measured and calculated) is used in various representa-
tion as described subsequently.
The experiments on all four ducts with slightly varying cross section and the uniform ref-
erence channel (Table 5.1) are performed under isothermal conditions at 20 ◦C using carbon
dioxide, argon and oxygen as working gases.
Exemplarily, the data measured on Si-5 and Si-9 are plotted in Figure 6.1 as reduced molar
ﬂow rate according to Eq. (3.72) on page 39 versus Knm according to Eq. (6.1). For all mea-
surements performed, m˙/(nMΔp) decreases with increasing Knm, which is likewise observed
for the dimensionless G (see deﬁnition according to left-hand side of Eq. (3.80) on page 45
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Figure 6.1: Reduced molar ﬂow rate in one channel according to left-hand side of Eq.
(3.71) on page 39 versus Knm according to Eq. (6.1). Two plots are shown exemplarily
for all measurements performed in this work: Data in (a) is obtained on Si-5 using carbon
dioxide as working gas. In (b) the same gas is used for measurements on system Si-9. All
experiments are performed at 20 ◦C. The curves shown in (a) and (b) are predicted for the
ﬂow in both directions of perfusion according to Eq. (3.72) with geometrical properties
stated in Table 5.1 on page 63. Gas properties are given in Table 5.3 on page 74.
and Figure 4.5 on page 57). As clearly shown in Figure 6.1, the ﬂow in nozzle-direction is
throughout higher than in diﬀusor-direction, as it has been observed for all ducts with slightly
varying cross section. Furthermore, the dependency on the direction of perfusion increases
with Knm, and hence with gaseous rarefaction. As will be shown in the next section, this
diode eﬀect occurs qualitatively identical at the micromilled duct with slightly varying cross
section Al-3, but not at the straight channel RC20 (Figure 5.1 in section 5.1.1). This ﬁnding
can therefore be considered as the experimental proof of the outlined diode eﬀect and an in-
dication for the correctness of the derived model, which is in good agreement to experimental
data.
The rarefactional increase of the dependency on the direction of perfusion perfectly conﬁrms
the hypothesis illustrated by means of Figure 1.3. The rarefaction dependency can be visual-
ized more clearly when using another depiction as shown in Figure 6.2. Here for depiction and
interpretation of data the arithmetic mean of normalized mass ﬂow rate m˙/po and pressure
ratio P = pi/po are used. This is permissible since measured data are Gaussian distributed, as
it is analyzed in section 5.2.5. The standard deviations em˙/po and eP are calculated according
to the Gaussian error propagation to
em˙/po =
√(
∂(m˙/po)
∂m˙
em˙
)2
+
(
∂(m˙/po)
∂po
epo
)2
=
√(
em˙
po
)2
+
(
−m˙epo
p2o
)2
; (6.2a)
eP =
√(
∂P
∂pi
epi
)2
+
(
∂P
∂po
epo
)2
=
√(
epi
po
)2
+
(
−Pepo
po
)2
. (6.2b)
Here em˙ is the uncertainty of the mass ﬂow rate and epi and epo are the uncertainties of inlet
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Figure 6.2: Inﬂuence of ratio of inlet to out-
let cross sectional area on mass ﬂow under rar-
eﬁed conditions. The normalized mass ﬂow
rate of CO2 measured on Si-9 is plotted ver-
sus the pressure ratio P = pi/po. Measure-
ments are performed under isothermal conditions
at 20 ◦C at the following ﬁve outlet pressures: di-
amond, po = 90 kPa; triangle (up), 20 kPa; circle,
10 kPa; triangle (down), 5 kPa and square 3 kPa.
Filled symbols denote the nozzle-direction and
the empty symbols the diﬀusor-direction. Predic-
tions in nozzle-direction (solid lines) and diﬀusor-
direction (dashed lines) are calculated for con-
stant Δp using Eqs. (3.50), (3.60), and (3.67)
with geometrical properties stated in Table 5.1
on page 63. Gas properties are given in Table 5.3
on page 74. Measurements are at least performed
in triplicate. Horizontal and partly vertical error
bars are smaller than symbols.
and outlet pressure. The value of em˙/po and eP corresponds the width of the vertical errorbar
and horizontal errorbar, respectively. It is worth noting that m˙, pi and po are the arithmetical
averages of the performed measurements. By the way, all experimental results obtained in
this PhD work are stated in Appendix B.
In Figure 6.2 the ﬂow is consistently higher when the duct is perfused as a nozzle (ﬁlled
symbols, solid lines). Following the hypothesis, this is a reasonable result since the amount
of molecules hitting the aperture is higher. Further this ﬁnding is strongly supported by the
fact that measured data (symbols) agree almost perfectly with analytical predictions (lines).
According to Figure 6.2, the disparity of the ﬂow in both directions is increasing with the
pressure ratio since P is higher for constant Δp when the absolute pressure (po) decreases.
Hence this eﬀect is directly dependent on the rarefaction. Spoken in terms of a convective
component and a diﬀusive component according to Eq. (3.50): Spatial diﬀusion becomes more
determining with increasing rarefaction until it dominates the ﬂow behaviour under highly
rareﬁed conditions. Furthermore, this experimental observation is qualitatively conﬁrmed by
simulations using a molecular kinetic approach1 (Tantos & Valougeorgis, 2012).
However, from this proved ﬁnding it is unlikely whether the reverse can occur as Stevanovic
(2007) reported when using the Maxwellian approach (compare section 3.3.1). She found that
the simulated mass ﬂow in a slightly diverging channel is higher than in a converging one.
Spoken in terms of nozzle and diﬀusor, it is found that the permeability in the diﬀusor-
direction is higher than vice versa. Nevertheless, it has to be noted that no experimental (or
other) evaluation of the simulated curves are given in the paper of Stevanovic.
This qualitative comparison indicates that gas ﬂows in slightly tapered ducts are not de-
scribable by means of the Maxwellian slip approach but with the CDS superposition model
(Veltzke & Thöming, 2012).
1This statement is attested by the author’s private communication with Prof. Dimitris Valougeorgis from
University of Thessaly, Department of Mechanical Engineering.
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20The following section focuses the diodicity D, which has been introduced in section 3.4.4 as
the ratio of the permeability in nozzle-direction to the permeability in diﬀusor-direction. Also
the experimental results obtained on the micromilled channels RC20 and Al-3 are presented
subsequently.
6.2 Rarefaction dependency of the gas diode eﬀect
According to the deﬁnition of D as N˙noz/N˙dif according to Eqs. (3.71) and (3.73a) on page
40, measured data is prepared as follows. For the diodicity D the mean and the standard
deviation of all measured values (mass ﬂow, inlet and outlet pressure) measured at identical
pi and po, is calculated. For each setting at least three measurements are performed.
Using the mean of the measured values, the diodicity is obtained as
D = N˙
noz
N˙dif
= m˙nozΔpdif
m˙difΔpnoz
. (6.3)
In comparison to Eq. (5.8) on page 74, the temperature ratio Tnoz/Tdif is omitted in this
expression since adjustment of temperature is very precise in experimental procedure. Thus
the appropriate error is calculated according to the Gaussian error propagation to
eD =
√∑(∂D
∂z
ez
)2
; z = 〈m˙noz, m˙dif , Δpnoz, Δpdif 〉 . (6.4)
For the abscissa the mean Knudsen number for the nozzle-direction and the diﬀusor-direction
is calculated according to Eq. (6.1) and than again the mean is calculated:
Knm = 0.5
(
Knnozm + Kndifm
)
. (6.5)
The appropriate error is
eKnm =
√√√√∑(∂Knm
∂z
ez
)2
; z =
〈
T¯ , pm, dh
〉
. (6.6)
The complete set of raw data used for calculation of D, Knm and both errors is supplied in
Appendix B.
In Figure 6.3 the diodicity according to Eq. (6.3) is plotted versus Knm for all series except
for the data obtained on Si-5 shown in Figure 6.1(a). This is only for reasons of clarity since
the diodicity measured on Si-5 is nearly identical to the values obtained on Si-7.
For all measurements performed on ducts with slightly varying cross section, the diodicity
increases with rarefaction. This experimental ﬁnding perfectly conﬁrms the hypothesis stated
in section 1.2 and illustrated in Figure 1.3 on page 5.
The diodicity obtained on the channel with uniform cross section (RC20) is unity and not
aﬀected by Knm since no signiﬁcant disparity in the direction of perfusion is observed. Hence
the data is in good agreement to the horizontal line predictively calculated according to Eq.
(3.73a). This ﬁnding also conﬁrms, that the diode eﬀect is not an artiﬁcial error of the ex-
perimental set-up or the measuring procedure.
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Figure 6.3: Experimental and
modeled diodicity as a function
of gaseous rarefaction. Experi-
ments are performed under isother-
mal conditions at 20 ◦C. All mea-
surements are at least performed in
triplicate and data is prepared ac-
cording to Eqs. (6.1), (6.3), and
(6.5). Vertical errorbars are cal-
culated according to Eq. (6.4).
Horizontal error bars are calcu-
lated according to Eq. (6.6) and
are throughout smaller than sym-
bols. Curves for Si-7, Si-9 and
the channel with uniform cross-
section (RC20) are predicted using
Eq. (3.73a). Curve for Al-3 is ﬁt-
ted by the method of least squares
by adapting a/c and b/c accord-
ing to Eq. (3.73b) on page 40.
Results are partly obtained in the
framework of the Master’s work of
Stumpf (2012).
R
2 = 0.987
Predicted
Predicted
Predicted
Also D is predicted for etched channels Si-7 and Si-9. The curve calculated for Si-9 (Al/As =
60.00) is throughout higher than the curve for Si-7 (Al/As = 10.05) which is conﬁrmed by the
experimental results. This ﬁnding perfectly validates the hypothesis concerning the inﬂuence
of cross-sectional area A on the contribution of molecular spatial diﬀusion to the entire ﬂow.
By means of the data points of Si-9 it can further be demonstrated that D is independent of
the nature of the gas when Knm is plotted on the abscissa. This ﬁnding gives further conﬁrma-
tion of the statement that gas microﬂows under slightly rareﬁed conditions are not inﬂuenced
by the nature of the gas (controversially discussed inﬂuence parameter of the TMAC; see
section 3.3.4).
The diodicity eﬀect does not only occur on etched channels, since the same qualitative
behaviour is observed on the notch with varying height milled into an aluminum block (Al-3,
Figure 5.2(c) and (d) on page 65). The measured diodicity with CO2 as working gas (open
diamonds) increases slightly with rarefaction and aims to a limit (D ≈ 1.1), as it is predicted
by means of Figure 3.7(a) on page 40.
Since the model cannot easily be applied to that kind of geometry (note that the model is
developed for the case of ws < h < wl (Veltzke et al., 2012a)), the model according to Eq.
(3.73a) (right-hand side) is ﬁtted to data by adapting a/c and b/c. The curve obtained by
the method of least squares perfectly agrees with the experimental diodicity. The fact that
the diodicity does not depend on the surface material indicates once more the inconsistencies
of the TMAC approach discussed in sections 3.3.2 to 3.3.4.
All experimental ﬁndings are in good qualitative and quantitative agreement to the hy-
pothesis describing the diode eﬀect and to the model of superimposed ﬂows. Thus the second
aim of the thesis (page 5) is fulﬁlled since an experimental proof of the outlined diode eﬀect
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is given, and the reﬁned superposition model is evaluated for the prediction of experimental
data obtained on slightly tapered ducts.
6.3 Inﬂuence of functionalization on gaseous mass ﬂow
Before execution of the silanization reaction as described in section 5.3, gas ﬂow measurements
are performed on Si-9 using argon and carbon dioxide as working gas. All experiments are
multiply performed according to the procedure presented in section 5.2.3. All measurements
are performed under isothermal conditions at 20 ◦C and raw data is given in Appendix B.
For the depiction of data the non-dimensional reduced mass ﬂow rate G (Eq. (3.80) on page
45) is used as a function of gaseous rarefaction. Since G in Eq. (3.80) is deﬁned by means
of geometrical properties A and P , the expression must be adapted for ducts with slightly
varying cross section. Thus the reduced mass ﬂow rate for tapered ducts is deﬁned as
Gj = m˙
j
m˙jD
= m˙j 3ΛjΔp
√
RT
2M ; j = 〈noz, dif〉 , (6.7)
with diﬀusive conductivity Λj stated in Table 3.3 on page 39 and geometrical properties given
in Table 5.1 on page 63. In Figure 6.4 the recalculated experimental results are plotted versus
the mean Knudsen number according to Eq. (6.1). For all measurements performed, Gj is
slightly higher when the channel surface is silanized. This eﬀect is independent of the di-
rection of perfusion since it occurs in nozzle-direction (a, c) as well as in diﬀusor-direction
(b, d). Here again it has to be noted, that gas ﬂow experiments are performed at one and
the same channel bundle before and after silanization. Thus the observed eﬀect cannot be
attributed to slightly diﬀerent geometrical properties or blocked single channels. The fact
that permeability in silanized channels is higher, indicates that the enhancement of ﬂow rate
is actually due to the altered surface properties.
Vice versa (if the silanization would have reduced the permeability), it might have been ar-
gued that the relatively long chains of the OTS molecules (Figure 3.11 on page 48) shrink the
cross-sectional area of the channels and the eﬀect is only due to altered geometry. Neverthe-
less, despite the extremely slight reduction of cross section (OTS carbon chain has a length
of roughly 2.7 nm) the silanization slightly enhances Gj . This ﬁnding generally conﬁrms that
surface functionalization bears potential for basic research on rareﬁed gas ﬂows.
How does this ﬁnding correspond to the surface diﬀusion term of the derived model and to
the analytical considerations of section 3.5?
By means of Figure 4.6 on page 59 it is found that surface diﬀusion is setting in at roughly
Knm = 0.05. This is in good agreement to the current experimental results given in Figure
6.4, since a slight disparity occurs at even this order of rarefaction.
In section 3.5 the OH groups of the hydroxylated silicon surface of the channels are identiﬁed
to cause interaction to gas molecules. By means of the silanization the majority of OH groups
is inactivated as it is clearly demonstrated in Figure 5.11 on page 78. Following the surface
diﬀusion term according to Eq. (3.78), the reduction of surface polarity must have increased
the surface diﬀusivity DS and/or the parameters of the Langmuir equation q∗ and/or KL.
For further investigation of this statement, MD simulations is the method of choice. Even
commercial MD programs (for instance Accelrys Materials Studio) provide good possibilities
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Figure 6.4: Experimentally observed inﬂuence of surface chemistry on gas microﬂow.
Argon and carbon dioxide ﬂow results through etched silicon channel bundle Si-9 before
and after silanization. The reduced mass ﬂow rate G according to Eq. (3.80) on page 45 is
plotted versus Knm according to Eq. (6.1). Measurements are performed under isothermal
conditions at 20 ◦C in each direction of the duct: (a) and (c) in nozzle-direction as well
as (b) and (d) in diﬀusor-direction. Results are partly obtained in the framework of the
Diploma work of Niemeyer (2011).
for analysis of the interaction strength of argon and carbon dioxide to an OTS monolayer.
For further discussion of this speciﬁc topic, reference is being made to section 7.2 in the last
chapter. Here an outlook on future work is given. Besides this section, a general conclusion
of the thesis is given with special focus on the impact of the presented work upon modeling
gaseous microﬂows.
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7 Conclusions
Based on the main hypothesis that gaseous mass transfer is always a superposition of var-
ious transport mechanisms, a consistently predictive model is presented for the analytical
calculation of microduct gas ﬂows under moderately rareﬁed conditions (up to Kn ≈ 0.3).
Experimental results obtained on microducts with uniform cross section available in literature
can be predicted reliably as well as own data measured on slightly tapered microchannels.
The model is mathematically easy to handle so that mass ﬂow rate or pressure loss can be
calculated solely using a pocket calculator when duct geometry, gas properties, inlet pressure,
outlet pressure, and temperature are known. Taking up the term used in section 1.2, the
model is a straightforward and "engineer-friendly" mathematical formulation. The strikingly
accurate prediction of experimental data indicates the correctness of the model and conﬁrms
the theoretical considerations.
By means of an additional term describing surface diﬀusion, the model is extended for the
use over all regimes of rarefaction and termed CDS model (convection, diﬀusion and surface
diﬀusion). The surface diﬀusion term is derived from the Maxwell-Stefan approach with as-
sumption of Langmuir type adsorption, which yields a physically reasonable transport model
in good agreement with experimental data taken from literature.
Under moderately rareﬁed conditions, micron-sized ducts with slightly varying cross section
act as a gas ﬂow diode. The experimentally observed diode eﬀect increases with rarefaction.
Measurements are performed on four ducts with diﬀerent ratios of inlet to outlet cross section
and one channel with uniform rectangular cross section as reference. Ducts are manufactured
by "classic" deep reactive-ion etching of silicon and raster ﬂy-cutting of aluminum. Thereby,
the latter mentioned is a completely novel method for production of test channels for research
on gaseous microﬂows. It is shown that the surface material has no inﬂuence on the experi-
mentally obtained diodicity.
The diode eﬀect, postulated by the working hypothesis and formulated in the developed
model, is in excellent quantitative agreement to all measurements performed and presented
in the current work. Analytical investigation of this approach shows that the contribution of
convection to the entire mass ﬂow rate decreases with increasing rarefaction and the ﬂow is
dominated by diﬀusion when the gas is moderately rareﬁed. The diﬀusive proportion strongly
depends on the direction of perfusion since molecular spatial diﬀusion mass ﬂow rate is pro-
portional to the cross-sectional area of a duct. Further, the diode eﬀect is independent of
the length of the duct as long as l is considered to be large compared to width and height of
the duct. The accuracy of prediction does surprise due to the simplicity of the mathematical
formulation.
Considering the whole range of rarefaction, qualitative analysis of the CDS model shows
that the amount adsorbed is higher at the duct inlet compared to the outlet and thus a con-
centration gradient occurs aligned to the pressure gradient in the bulk. This concentration
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gradient represents the driving force for surface mass diﬀusion transport and furthermore
increases with rarefaction. Thus the contribution of surface diﬀusion to the entire ﬂow is
negligible in the continuum regime but becomes increasingly important with rarefaction of
the bulk gas. Hence the model of surface diﬀusion may contribute to the phenomenological
understanding of the processes in the Knudsen layer (Zhang et al., 2012).
From comparison of the model to experimental mass ﬂow data on long ducts it can be sum-
marized that:
• The cross-sectional shape of a duct has no inﬂuence on the reduced mass ﬂow rate in
the continuum, slip, and incipient transition regime when using the hydraulic diameter
as reference value.
• Neither the kind of the tested gases (N2, He, Ar) nor the surface material of the duct
(steel, etched silicon) does signiﬁcantly inﬂuence the reduced mass ﬂow rate.
• A signiﬁcant disparity of permeability occurs between rectangular channels with high
aspect ratio and nearly circular ducts in the transition and free molecular regime.
Thus the crucial diﬀerence is the aspect ratio (expressed by Γ) of the duct representing the
relative surface area of the walls which is extremely high for ﬂat, rectangular channels and
minimal for circular cross section (tube). The logarithmic behaviour of the derived model is
in excellent agreement to the experimental data when adapting two parameters in the surface
diﬀusion term. The terms for convection (Poiseuille’s law) and molecular spatial diﬀusion
are consistently predictive. Knudsen’s minimum is described reliably due to the decreasing
contribution of convection and the emerging contribution of surface diﬀusion nearby the min-
imum.
Hence a fundamental, physically reasonable transport model is presented which holds for the
whole range of the Knudsen number. Consequently the (arbitrary) classiﬁcation of the ﬂow
in continuum, slip-ﬂow, transition, and free molecular regime (Figure 1.2 on page 3) should
be modiﬁed when considering the ﬂow as a superposition of diﬀerent transport mechanism.
To conclude this topic, it is distinctly emphasized that the current thesis does not claim
to supersede the kinetic theory. The presented modeling approach aims to contribute to the
phenomenological understanding of gaseous ﬂow processes and to provide a straightforward
mathematical formulation. For more complex geometries, the calculation of macroscopic
quantities is only possible by means of numerical methods like Direct Simulation Monte
Carlo or Lattice Boltzmann Method.
Furthermore, the opportunities of surface functionalization on knowledge gain in the ﬁeld
of rareﬁed gas ﬂows are discussed against the background of the developed surface diﬀusion
term. Due to the theoretically analyzed chemical characteristics of a technical silicon surface,
it is assumed that a modiﬁcation of the hydroxyl groups causes an alteration of gas-wall
interactions. Based on considerations regarding interactions of various gases with the OH
groups, an appropriate chemical agent is identiﬁed and applied for the functionalization of a
bundle of microchannels. By means of qualitative measurement of the water contact angle,
it is shown that the surface chemistry of the channels is successfully altered and the majority
of polar OH groups is inactivated.
The comparison of the permeability of gas ﬂows before and after the treatment conﬁrms that
surface functionalization bears potential for basic research on rareﬁed gas ﬂows.
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7.1 Impact upon modeling gaseous microﬂows
An analytical approach is presented for the calculation of gaseous mass ﬂow rate in microd-
ucts over the whole range of rarefaction. For all measurement series on microducts under
moderately rareﬁed conditions, data points can be predicted accurately when using the su-
perposition model presented in this thesis. This has impact upon modeling gaseous microﬂows
since:
• A prediction of the mass ﬂow rate is possible without the assumption of wall slip in the
so-called slip-ﬂow and transition regime. Knowing the size of the duct, the temperature,
the gas properties, and the inlet and outlet pressure, the resulting mass ﬂow rate can
be calculated without any adaption parameter, such as the TMAC.
• The classiﬁcation of non-rareﬁed into moderately rareﬁed gas ﬂows in continuum, slip-
ﬂow and transition regimes becomes obsolete when the ﬂow is considered as a superpo-
sition of diﬀerent ﬂow mechanisms over the whole range of Knudsen numbers.
Further, by means of the derived model it can be shown for the slip-ﬂow regime and the be-
ginning transition regime, that the diﬀusive proportion and likewise the dimensionless mass
ﬂow rate are not inﬂuenced by any variable regarding the surface topology. As a consequence
of the broadly varying surface roughness (Table 3.2 on page 29) of the ducts the cited authors
used, the results of Turner et al. (2004) can be conﬁrmed thus far, that surface roughness
has no inﬂuence on mass transfer in slightly and moderately rareﬁed gas ﬂows. Further, the
inconsistencies concerning the dependence of the TMAC on other parameters that are sum-
marized in section 3.3, lead to reasonable doubts about the slip boundary condition and the
state-of-the-art approach in modeling ﬂow processes.
Analytical investigation of the present model shows that the diﬀusive proportion of the
entire ﬂow increases with the area of the channel entrance. The measurements of rareﬁed
gas ﬂows performed on slightly tapered microchannels conﬁrmed that, since the mass ﬂow is
measured to be higher when the duct is perfused from the large to the narrow aperture (noz-
zle). Thus, more molecules impinge on the aperture and enter the duct on the high pressure
side when the entrance cross section is large. Qualitative comparison with an approach using
second order Maxwellian boundary condition shows that it is not possible to describe the ﬂow
in tapered ducts by means of slip correction. This leads to reasonable doubts about the use
of the Maxwellian slip boundary condition in general.
It can be concluded that the results shown here might be an indicator for the rightness of
the superposition approach for modeling gaseous microﬂows. Besides, suggestion is made to
skip the term slip-ﬂow regime and distinguish only three regimes according to the respective
dominant transport mechanism.
7.2 Outlook on future work
Regarding the hypothesis that microﬂows under high rarefaction depend on the nature of the
gas and on the material of the duct, experiments with gases including strong interactions with
the surface should be performed. For glass or silica ducts, measurements with use of gases
with a permanent dipole (e.g. SO2, CHF3) should clarify if rareﬁed phenomena depend on
the contribution of surface diﬀusion being a function of gas–surface interactions.
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20As shown by means of the exemplarily performed surface functionalization, it is shown that
chemical alteration of microduct surfaces is a promising method for knowledge gain in the
ﬁeld of rareﬁed gas ﬂows. Other functional groups should be deposited at the surface of mi-
croducts for gas ﬂow experiments over a wider range of rarefaction. Using MD simulations for
analysis of the adsorption parameters and the surface diﬀusivity DS , a better understanding
of the dependency of the surface diﬀusion term on gas-solid interactions will be achieved.
Probably MD simulations studies will clarify the discrepancy of adsorption data obtained by
means of the superposition model and "conventionally" obtained data (see section 4.3).
Furthermore, it should be considered to apply the developed model for geometrically un-
deﬁned ducts (porous structures). In analogy to the transport model of gases in porous
membranes given by Melin & Rautenbach (2003), it is worth trying to express the CDS
model by means of mean pore diameter, porosity, and tortuosity. Perhaps the derived model
is even valid for isothermal gas ﬂows in ﬁlters or gas separation membranes.
Finally, the limits of the diode eﬀect simulated by means of the model (Figure 3.7 on page
40) should be studied using an experimental set-up which allows for investigation of a wider
range of rarefaction. Furthermore, ducts with larger ratios of inlet to outlet cross-sectional
area should be produced and investigated with respect to the dependency of the diode eﬀect
on geometric properties.
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Appendix A
This appendix contains detailed information about the experimental set-up presented in sec-
tion 5.2. Besides photos and manufacturing drawings, data sheets and ex-works calibration
documents of the measuring instruments are provided subsequently.
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Figure A.1: Photos of the experimental set-up according to Figure 5.3 on page 66.
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Elektrische 
Temperaturmesstechnik
OEM-Einschraub-Thermometer mit Steckeranschluss
Typ TF35
Einschraub-Thermometer Typ TF35 
Anwendungen
Mobilhydraulik
 Maschinenbau
 Kompressoren
 Automotive
 Kälte-, Heizungs-, Klima- und Lüftungstechnik
 Leistungsmerkmale
Messbereiche von -50 ... +300 °C
 Sehr hohe Vibrationsfestigkeit
 Kompakte Bauform
 Elektrischer Anschluss über Steckverbindung
Beschreibung
Messelement, Toleranz
WIKA verwendet beim Einschraub-Thermometer Typ TF35 
standardmäßig folgende Messelemente:
 NTC, R25 = 2,5 kΩ ±5 %
 NTC, R25 = 10 kΩ ±5 %
 Pt100, Klasse B nach DIN EN 60 751
 Pt1000, Klasse B nach DIN EN 60 751
 Ni1000, DIN 43 760
 KTY10-6
 KTY11-6
 KTY81-210
Andere auf Anfrage
Platinelemente bieten den Vorteil, dass sie internationalen 
Normen entsprechen (IEC 751 / DIN EN 60 751). 
WIKA Datenblatt TE 67.10
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Nickelelemente sind ebenfalls genormt, jedoch nicht inter-
national. Material- und produktionsspezifische Merkmale 
hingegen schließen eine Normung von Halbleiterelementen 
wie z. B. NTC’s und KTY aus. Daher sind diese nur begrenzt 
untereinander austauschbar. 
Weitere Vorteile von Platinelementen sind eine bessere 
Langzeitstabilität und Temperaturzyklus-Fähigkeit, ein 
größerer Temperaturbereich sowie eine hohe Messgenauig-
keit und Linearität.
Eine hohe Messgenauigkeit und Linearität ist mit NTC’s 
ebenfalls erreichbar, jedoch in einem sehr eingeschränkten 
Temperaturbereich. 
.
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Temperaturbereich - ++ ++ + -
Genauigkeit - ++ ++ + -
Linearität - ++ ++ + ++
Langzeitstabilität + ++ ++ ++ +
Internationale Standards - ++ ++ + -
Temperaturempfindlichkeit 
[dR/dT]
++ - + + +
Einfluss der Zuleitung ++ - + + +
Schaltungsart: 
Die Einschraub-Thermometer Typ TF35 werden in 2-Leiter-
Schaltung ausgeführt. 
Bei einer Ausführung in 2-Leiter-Schaltung trägt der 
Leitungswiderstand der Anschlussleitung zum Messwert bei 
und muss berücksichtigt werden. 
Als Richtwert gilt bei Kupferleitung mit Querschnitt 
0,22 mm2: 0,162 Ω/m → 0,42 °C/m bei Pt100
Alternativ kann eine Ausführung mit Pt1000 gewählt 
werden, bei der der Einfluss der Zuleitung mit 0,04 °C/m 
um den Faktor 10 geringer ist. Dies ist ebenso bei einem 
Ni1000-Sensorelement.
Noch weniger macht sich der Zuleitungswiderstand 
entsprechend des Grundwiderstandes R25 bei einem KTY 
bzw. NTC-Element bemerkbar.
Die nachstehenden Kennlinien zeigen die typischen Kurven-
verläufe der WIKA-Standardmesselemente in Abhängigkeit 
der Temperatur sowie die typischen Toleranzkurven.
Typische Kennlinienverläufe
Typische Toleranzkurven
Temperaturbereiche
Mediumstemperatur (Messbereich)
Der Messbereich hängt im Wesentlichen vom Messelement 
ab:
Messelement Messbereich
NTC -40 ... +130 °C
Pt100 -50 ... +200 °C / -50 ... +300 °C
Pt1000 -50 ... +200 °C / -50 ... +300°C
Ni1000 -50 ... +200 °C
KTY -50 ... +150 °C
Umgebungstemperatur
Die zulässige Umgebungstemperatur ist abhängig vom 
elektrischen Anschluss:
Elektrischer Anschluss Umgebungstemperatur
AMP Junior Power Timer -40 ... +150 °C
FASTON-Flachstecker -40 ... +150 °C
Gerätestecker Deutsch DT04-2P -40 ... +150 °C
Bajonett-Steckverbinder DIN 72 585 -40 ... +140 °C
Rundsteckverbinder M12 x 1 -40 ... +100 °C
Hinweis:
Aufgrund der kurzen Baulänge besteht die Möglichkeit, 
dass die Temperatur am Stecker auf unzulässig hohe 
Werte steigt. Dies muss bei der Ausführung der Messstelle 
unbedingt berücksichtigt werden.
.
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Vibrationsfestigkeit
Durch den speziellen Einbau der verwendeten Mess-
elemente ist die Vibrationsfestigkeit der Einschraub-
Thermometer Typ TF35 sehr hoch.
Die nach DIN EN 60 751 (IEC 751) bereits für erhöhte 
Anforderungen definierten Beschleunigungswerte von 3 g 
werden weit übertroffen.
Je nach Einbausituation, Medium, Temperatur und Einbau-
länge beträgt die Vibrationsfestigkeit bis zu 10 g.
Schockfestigkeit
Bis 500 g, je nach Einbausituation, Medium und Temperatur
Werkstoff
Messing
 CrNi-Stahl 1.4305
Andere auf Anfrage
Durchmesser D
7,5 mm
 6,0 mm
 5,0 mm
 4,0 mm
Andere auf Anfrage
Prozessanschluss
Einschraubgewinde:
 G ¼ B
 G ⅜ B
 M10 x 1,5
 M12 x 1,5
 M14 x 1,5
 R¼-ISO7
 R ⅜-ISO7
 ¼" NPT
Andere auf Anfrage
Einbaulänge U
28 mm
 30 mm
 40 mm
 50 mm
 60 mm
 65 mm
Andere auf Anfrage
Die Ansprechzeit wird im Wesentlichen beeinflusst durch 
das verwendete Schutzrohr (Durchmesser, Material)
 den Wärmeübergang vom Schutzrohr zum Messelement
 die Strömungsgeschwindigkeit des Mediums
Durch den Aufbau der Einschraub-Thermometer Typ TF35 
ist eine optimale Wärmeübertragung vom Medium zum 
Messelement gegeben.
Die nachstehende Tabelle zeigt die typischen Ansprech-
zeiten der Einschraub-Thermometer Typ TF35:
Schutzrohr Ansprechzeit
Werkstoff Durchmesser t0,5 t0,9
Messing 7,5 mm 2,2 s 6 s
CrNi-Stahl 7,5 mm 2,5 s 6,5 s
Hinweis:
Zur Verbesserung der Ansprechzeit kann ein kleinerer 
Schutzrohrdurchmesser gewählt werden.
Betriebsdruck
Max. 600 bar, je nach Medium, Temperatur und Schutzrohr-
ausführung
Elektrischer Anschluss
Stecker AMP Junior Power Timer
 FASTON-Flachstecker 6,3 x 0,8 mm
 FASTON-Flachstecker 4,8 x 0,8 mm
 Rundsteckverbinder M12 x 1
 Gerätestecker Deutsch DT04-2P
 Bajonett-Steckverbinder, DIN 72 585
Andere Anschlüsse auf Anfrage
Gehäuseschutzart
IP 66 / IP 67 im gesteckten Zustand
.
WIKA Alexander Wiegand SE & Co. KG
Alexander-Wiegand-Straße 30
63911 Klingenberg/Germany
Tel. (+49) 9372/132-0
Fax (+49) 9372/132-406
E-mail info@wika.de
www.wika.de
Änderungen und den Austausch von Werkstoffen behalten wir uns vor.
Die beschriebenen Geräte entsprechen in ihren Konstruktionen, Maßen und Werkstoffen dem derzeitigen Stand der Technik. 
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Typ / Messbereich / Messelement / Toleranz / Schutzrohrwerkstoff und -durchmesser / Prozessanschluss / Einbaulänge / 
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C A L I B R AT I O N C E R T I F I C AT E
FLUID NO. 1 OF 5
CERTIFICATE NO. BHTC69/CL9/847372
Calibration by comparison
Calibration date: 16 Oct 2009
We hereby certify that the instrument mentioned below has been calibrated in accordance with the stated values and conditions.
The calibration standards used are traceable to national standards of the Dutch Metrology Institute VSL.
Calibrated instrument Calibration standard
Type Flow meter (D) Type Flow controller (D)
Serial number M9207915A Serial number M7208826A
Model number F-110C-002-AGD-11-V Certificate no. BKL002/JST/832013
Rated accuracy* ±(2%FS) Uncertainty ±0.5% Rd
Customer conditions
Fluid N2
Flow 0.7000 mln/min
Pressure 1004.0..1010.0 mbar (a)
Temperature 20.0 °C
Calibration conditions
Fluid AiR
Flow 0.6967 mln/min (equivalent flow)
Pressure 5.0 bar (a)
Temperature 23.5 °C
Atm. pressure 1019.4 hPa (a)
Calibration and Conversion results
Calibrated flow Conversion Customer flow**
Point AiR factor N2 Output signal
1 0.0000 mln/min 0000- 0.0000 mln/min 000.00% 04.000 mA***
2 0.2747 mln/min 1.005 0.2760 mln/min 039.43% 10.309 mA***
3 0.5495 mln/min 1.005 0.5520 mln/min 078.86% 16.618 mA***
4 0.8244 mln/min 1.005 0.8283 mln/min 118.33% 22.932 mA***
The measurement uncertainty of the calibrated AiR flow is ±0.5% Rd.
The measured deviation between the flow indicated by the calibrated instrument and the reference flow indicated by the calibration standard is less than ±0.36% Rd.
Notes
Flow unit mln/min is defined at conditions 0.00 °C, 1013.25 hPa (a).
* Rated accuracy is specified under calibration conditions.
** The calibrated flow is converted to customer fluid and/or conditions using Bronkhorst High-Tech FLUIDAT® software.
*** Analog output above 20 mA cannot be guaranteed.
Measurement uncertainties are based upon 95% (k=2) confidence limits. Although the item calibrated meets the specifications and performance at the
time of calibration, due to any number of factors, this does not imply continuing conformance to the specifications.
More detailed information about the used calibration method can be found on http://www.bronkhorst.com/certificates.
Calibrator S.B. QC N.d.R.
Date 25 Aug 2010
Copy printed by G.B.
BHTMultiFluidToolDLL V2.62 FLUIDAT® V5.50 (Database: 05-05-1999) Report V1.06
.
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C A L I B R AT I O N C E R T I F I C AT E
FLUID NO. 2 OF 5
CERTIFICATE NO. BHTC69/CL9/847373
Calibration by comparison
Calibration date: 16 Oct 2009
We hereby certify that the instrument mentioned below has been calibrated in accordance with the stated values and conditions.
The calibration standards used are traceable to national standards of the Dutch Metrology Institute VSL.
Calibrated instrument Calibration standard
Type Flow meter (D) Type Flow controller (D)
Serial number M9207915A Serial number M7208826A
Model number F-110C-002-AGD-11-V Certificate no. BKL002/JST/832013
Rated accuracy* ±(2%FS) Uncertainty ±0.5% Rd
Customer conditions
Fluid CO2
Flow 0.7000 mln/min
Pressure 4.0..10.0 mbar (g)
Temperature 20.0 °C
Calibration conditions
Fluid AiR
Flow 0.9309 mln/min (equivalent flow)
Pressure 5.0 bar (a)
Temperature 23.5 °C
Atm. pressure 1019.4 hPa (a)
Calibration and Conversion results
Calibrated flow Conversion Customer flow**
Point AiR factor CO2 Output signal
1 0.0000 mln/min 0000- 0.0000 mln/min 000.00% 04.000 mA***
2 0.2747 mln/min 0.750 0.2061 mln/min 029.45% 08.712 mA***
3 0.5495 mln/min 0.751 0.4126 mln/min 058.95% 13.432 mA***
4 0.8244 mln/min 0.752 0.6197 mln/min 088.52% 18.164 mA***
5 1.0990 mln/min 0.752 0.8271 mln/min 118.15% 22.904 mA***
The measurement uncertainty of the calibrated AiR flow is ±0.5% Rd.
The measured deviation between the flow indicated by the calibrated instrument and the reference flow indicated by the calibration standard is less than ±0.36% Rd.
Notes
Flow unit mln/min is defined at conditions 0.00 °C, 1013.25 hPa (a).
* Rated accuracy is specified under calibration conditions.
** The calibrated flow is converted to customer fluid and/or conditions using Bronkhorst High-Tech FLUIDAT® software.
*** Analog output above 20 mA cannot be guaranteed.
Measurement uncertainties are based upon 95% (k=2) confidence limits. Although the item calibrated meets the specifications and performance at the
time of calibration, due to any number of factors, this does not imply continuing conformance to the specifications.
More detailed information about the used calibration method can be found on http://www.bronkhorst.com/certificates.
Calibrator S.B. QC N.d.R.
Date 25 Aug 2010
Copy printed by G.B.
BHTMultiFluidToolDLL V2.62 FLUIDAT® V5.50 (Database: 05-05-1999) Report V1.06
.
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C A L I B R AT I O N C E R T I F I C AT E
FLUID NO. 3 OF 5
CERTIFICATE NO. BHTC69/CL9/847383
Calibration by comparison
Calibration date: 16 Oct 2009
We hereby certify that the instrument mentioned below has been calibrated in accordance with the stated values and conditions.
The calibration standards used are traceable to national standards of the Dutch Metrology Institute VSL.
Calibrated instrument Calibration standard
Type Flow meter (D) Type Flow controller (D)
Serial number M9207915A Serial number M7208826A
Model number F-110C-002-AGD-11-V Certificate no. BKL002/JST/832013
Rated accuracy* ±(2%FS) Uncertainty ±0.5% Rd
Customer conditions
Fluid CH4
Flow 0.7000 mln/min
Pressure 4.0..10.0 mbar (g)
Temperature 20.0 °C
Calibration conditions
Fluid AiR
Flow 0.8996 mln/min (equivalent flow)
Pressure 5.0 bar (a)
Temperature 23.5 °C
Atm. pressure 1019.4 hPa (a)
Calibration and Conversion results
Calibrated flow Conversion Customer flow**
Point AiR factor CH4 Output signal
1 0.0000 mln/min 0000- 0.0000 mln/min 000.00% 04.000 mA***
2 0.2747 mln/min 0.779 0.2140 mln/min 030.57% 08.891 mA***
3 0.5495 mln/min 0.779 0.4278 mln/min 061.12% 13.779 mA***
4 0.8244 mln/min 0.778 0.6416 mln/min 091.66% 18.666 mA***
5 1.0990 mln/min 0.778 0.8552 mln/min 122.18% 23.548 mA***
The measurement uncertainty of the calibrated AiR flow is ±0.5% Rd.
The measured deviation between the flow indicated by the calibrated instrument and the reference flow indicated by the calibration standard is less than ±0.36% Rd.
Notes
Flow unit mln/min is defined at conditions 0.00 °C, 1013.25 hPa (a).
* Rated accuracy is specified under calibration conditions.
** The calibrated flow is converted to customer fluid and/or conditions using Bronkhorst High-Tech FLUIDAT® software.
*** Analog output above 20 mA cannot be guaranteed.
Measurement uncertainties are based upon 95% (k=2) confidence limits. Although the item calibrated meets the specifications and performance at the
time of calibration, due to any number of factors, this does not imply continuing conformance to the specifications.
More detailed information about the used calibration method can be found on http://www.bronkhorst.com/certificates.
Calibrator S.B. QC N.d.R.
Date 25 Aug 2010
Copy printed by G.B.
BHTMultiFluidToolDLL V2.62 FLUIDAT® V5.50 (Database: 05-05-1999) Report V1.06
.
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C A L I B R AT I O N C E R T I F I C AT E
FLUID NO. 4 OF 5
CERTIFICATE NO. BHTC69/CL9/847385
Calibration by comparison
Calibration date: 16 Oct 2009
We hereby certify that the instrument mentioned below has been calibrated in accordance with the stated values and conditions.
The calibration standards used are traceable to national standards of the Dutch Metrology Institute VSL.
Calibrated instrument Calibration standard
Type Flow meter (D) Type Flow controller (D)
Serial number M9207915A Serial number M7208826A
Model number F-110C-002-AGD-11-V Certificate no. BKL002/JST/832013
Rated accuracy* ±(2%FS) Uncertainty ±0.5% Rd
Customer conditions
Fluid He
Flow 1.000 mln/min
Pressure 4.0..10.0 mbar (g)
Temperature 20.0 °C
Calibration conditions
Fluid AiR
Flow 0.7112 mln/min (equivalent flow)
Pressure 5.0 bar (a)
Temperature 23.5 °C
Atm. pressure 1019.4 hPa (a)
Calibration and Conversion results
Calibrated flow Conversion Customer flow**
Point AiR factor He Output signal
1 0.0000 mln/min 0000- 0.0000 mln/min 000.00% 04.000 mA***
2 0.2747 mln/min 1.409 0.3872 mln/min 038.72% 10.196 mA***
3 0.5495 mln/min 1.407 0.7734 mln/min 077.34% 16.374 mA***
4 0.8244 mln/min 1.405 1.1590 mln/min 115.87% 22.539 mA***
The measurement uncertainty of the calibrated AiR flow is ±0.5% Rd.
The measured deviation between the flow indicated by the calibrated instrument and the reference flow indicated by the calibration standard is less than ±0.36% Rd.
Notes
Flow unit mln/min is defined at conditions 0.00 °C, 1013.25 hPa (a).
* Rated accuracy is specified under calibration conditions.
** The calibrated flow is converted to customer fluid and/or conditions using Bronkhorst High-Tech FLUIDAT® software.
*** Analog output above 20 mA cannot be guaranteed.
Measurement uncertainties are based upon 95% (k=2) confidence limits. Although the item calibrated meets the specifications and performance at the
time of calibration, due to any number of factors, this does not imply continuing conformance to the specifications.
More detailed information about the used calibration method can be found on http://www.bronkhorst.com/certificates.
Calibrator S.B. QC N.d.R.
Date 25 Aug 2010
Copy printed by G.B.
BHTMultiFluidToolDLL V2.62 FLUIDAT® V5.50 (Database: 05-05-1999) Report V1.06
.
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C A L I B R AT I O N C E R T I F I C AT E
FLUID NO. 5 OF 5
CERTIFICATE NO. BHTC69/CL9/847387
Calibration by comparison
Calibration date: 16 Oct 2009
We hereby certify that the instrument mentioned below has been calibrated in accordance with the stated values and conditions.
The calibration standards used are traceable to national standards of the Dutch Metrology Institute VSL.
Calibrated instrument Calibration standard
Type Flow meter (D) Type Flow controller (D)
Serial number M9207915A Serial number M7208826A
Model number F-110C-002-AGD-11-V Certificate no. BKL002/JST/832013
Rated accuracy* ±(2%FS) Uncertainty ±0.5% Rd
Customer conditions
Fluid H2
Flow 0.7000 mln/min
Pressure 4.0..10.0 mbar (g)
Temperature 20.0 °C
Calibration conditions
Fluid AiR
Flow 0.6932 mln/min (equivalent flow)
Pressure 5.0 bar (a)
Temperature 23.5 °C
Atm. pressure 1019.4 hPa (a)
Calibration and Conversion results
Calibrated flow Conversion Customer flow**
Point AiR factor H2 Output signal
1 0.0000 mln/min 0000- 0.0000 mln/min 000.00% 04.000 mA***
2 0.2747 mln/min 1.012 0.2781 mln/min 039.73% 10.357 mA***
3 0.5495 mln/min 1.011 0.5554 mln/min 079.34% 16.695 mA***
4 0.8244 mln/min 1.009 0.8321 mln/min 118.87% 23.019 mA***
The measurement uncertainty of the calibrated AiR flow is ±0.5% Rd.
The measured deviation between the flow indicated by the calibrated instrument and the reference flow indicated by the calibration standard is less than ±0.36% Rd.
Notes
Flow unit mln/min is defined at conditions 0.00 °C, 1013.25 hPa (a).
* Rated accuracy is specified under calibration conditions.
** The calibrated flow is converted to customer fluid and/or conditions using Bronkhorst High-Tech FLUIDAT® software.
*** Analog output above 20 mA cannot be guaranteed.
Measurement uncertainties are based upon 95% (k=2) confidence limits. Although the item calibrated meets the specifications and performance at the
time of calibration, due to any number of factors, this does not imply continuing conformance to the specifications.
More detailed information about the used calibration method can be found on http://www.bronkhorst.com/certificates.
Calibrator S.B. QC N.d.R.
Date 25 Aug 2010
Copy printed by G.B.
BHTMultiFluidToolDLL V2.62 FLUIDAT® V5.50 (Database: 05-05-1999) Report V1.06
.
.
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Appendix B
The second appendix contains all experimental raw data obtained on test channels according
to section 5.1. All measurements are performed under isothermal conditions by means of the
measuring procedure described in section 5.2.3. In each of the following tables, information
about experimental conditions is given in caption.
Table B.1: Experimental results obtained on uniform channel RC20 with diﬀerent working gases.
Data is shown in Figure 5.8 on page 73. Measurements are performed under isothermal conditions at
diﬀerent temperatures. Units of values are as follows: p in (kPa); θ in (◦C); m˙ in
(×10−9 kg s−1).
pi po θi θo m˙... pi po θi θo m˙
Carbon dioxide
110.0668 100.0365 20.7678 20.7802 2.8390 110.1345 100.0911 20.7986 20.8145 2.8754
102.1522 100.0191 20.7770 20.7906 0.3905 127.7801 97.6760 39.9726 40.1812 7.6022
115.1080 100.0831 20.7867 20.7989 4.4927 132.7813 97.6859 40.0016 40.1941 9.1952
130.1698 100.1675 20.7948 20.8083 9.7899
Nitrogen
110.0995 99.8358 20.0777 20.0587 1.2538 146.7097 100.6527 20.3243 20.4411 8.6562
124.9844 99.8533 20.0911 20.0716 4.4020 148.7279 100.6770 20.3181 20.4372 9.1254
134.9826 99.8684 20.0930 20.0775 6.5499 150.7372 100.7023 20.3192 20.4390 9.5713
104.7533 100.2243 20.3394 20.4570 0.4198 152.7560 100.7351 20.3210 20.4346 10.0372
105.3849 100.2324 20.3375 20.4578 0.5323 104.3402 100.1198 35.0197 35.0747 0.4393
105.8820 100.2392 20.3408 20.4584 0.6194 106.3438 100.1504 35.0714 35.1018 0.7356
106.3636 100.2431 20.3371 20.4525 0.6873 108.3227 100.1639 35.0950 35.1454 1.0246
106.8937 100.2528 20.3336 20.4509 0.7796 110.3648 100.1663 35.1024 35.1612 1.3232
107.3871 100.2599 20.3300 20.4507 0.8760 114.3671 100.1888 35.1329 35.1868 2.0236
107.9051 100.2681 20.3273 20.4519 0.9588 118.3823 100.2077 35.1400 35.2111 2.6663
108.4043 100.2715 20.3287 20.4537 1.0414 122.3814 100.2305 35.1359 35.2129 3.3183
108.9080 100.2767 20.3296 20.4440 1.1170 126.4097 100.2553 35.1401 35.2211 4.0763
109.4091 100.2874 20.3291 20.4485 1.2149 130.4406 100.2868 35.1886 35.2529 4.8027
109.9481 100.2931 20.3249 20.4553 1.3087 138.4815 100.3408 35.2641 35.3119 6.3260
110.4544 100.3030 20.3272 20.4478 1.3940 142.5250 100.3802 35.3066 35.3598 7.1030
112.4668 100.3167 20.3316 20.4498 1.7556 146.5630 100.4150 35.3292 35.3904 7.8866
114.4707 100.3383 20.3245 20.4516 2.1127 150.8175 100.4453 35.3312 35.4045 8.7416
116.4805 100.3516 20.3300 20.4453 2.4911 155.6129 100.4851 35.3376 35.4137 9.7778
118.4757 100.3604 20.3259 20.4426 2.8563 106.6090 100.4786 49.6652 49.7490 0.4936
120.5026 100.3757 20.3268 20.4446 3.2413 108.6360 100.4896 49.6958 49.7623 0.7724
122.5038 100.3905 20.3284 20.4487 3.6212 110.6383 100.5027 49.6882 49.7570 1.0468
124.5176 100.4111 20.3270 20.4495 4.0274 114.6437 100.5252 49.6752 49.7566 1.6561
126.5705 100.4348 20.3315 20.4438 4.4115 122.6949 100.5619 49.6737 49.7555 2.9395
128.5697 100.4479 20.3212 20.4406 4.8328 126.7096 100.5894 49.6596 49.7564 3.5736
130.5809 100.4680 20.3217 20.4394 5.2364 130.7584 100.6097 49.6730 49.7519 4.2757
132.5852 100.4915 20.3234 20.4436 5.6319 134.7734 100.6347 49.6657 49.7536 4.9686
134.6097 100.5142 20.3222 20.4346 6.0512 138.7799 100.6598 49.6866 49.7754 5.6947
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136.6324 100.5421 20.3207 20.4380 6.4986 142.7836 100.6904 49.6956 49.7870 6.4135
138.8271 100.5640 20.3277 20.4418 6.9096 146.8137 100.7134 49.6970 49.7902 7.1513
140.6600 100.5849 20.3270 20.4395 7.3467 150.8450 100.7496 49.7039 49.7953 7.9189
142.6808 100.6057 20.3298 20.4476 7.7864 155.8800 100.7869 49.7069 49.7955 8.9162
144.7032 100.6305 20.3273 20.4400 8.2390
Table B.2: Experimental results obtained on Al-3 with CO2 as working gas. Recalculated raw data
is shown in Figure 6.3 on page 83. Measurements are performed under isothermal conditions. Units
of values are as follows: p in (kPa); θ in (◦C); m˙ in
(×10−9 kg s−1).
pi po θi θo m˙... pi po θi θo m˙
Nozzle direction
23.0493 3.0140 20.9581 21.0320 2.6337 44.4679 4.4944 20.9602 21.0419 7.4982
28.4143 3.3753 20.9466 21.0221 3.7148 55.1848 5.2192 20.9736 21.0493 10.5890
33.7763 3.7466 20.9344 21.0162 4.8987 66.1918 5.9806 20.9771 21.0588 14.2405
39.1417 4.1230 20.9404 21.0204 6.2083 22.9631 2.9526 20.9926 21.0669 2.5511
44.5191 4.5079 20.9371 21.0171 7.6009 28.3101 3.3099 20.9928 21.0655 3.6147
55.2463 5.2426 20.9365 21.0156 10.7135 33.6586 3.6739 20.9935 21.0686 4.8107
66.2826 6.0228 20.9296 21.0160 14.3977 39.0161 4.0372 21.0077 21.0818 6.1124
23.0337 3.0146 20.9500 21.0255 2.5791 44.3989 4.4210 21.0087 21.0845 7.5279
28.3792 3.3779 20.9531 21.0303 3.6388 55.1425 5.1676 21.0131 21.0953 10.6845
33.7338 3.7409 20.9574 21.0284 4.8325 66.1462 5.9368 21.0157 21.0959 14.4237
39.0934 4.1095 20.9621 21.0350 6.0953
Diﬀusor direction
23.0876 3.0266 20.7392 20.8271 2.4650 44.4704 4.4735 20.9785 21.0559 7.0612
28.4097 3.3626 20.7514 20.8411 3.4537 55.1726 5.1861 20.9782 21.0562 10.0725
33.7446 3.7084 20.7812 20.8682 4.5599 66.1791 5.9574 20.9887 21.0695 13.6746
39.1058 4.0720 20.8074 20.8984 5.7841 22.9279 2.8680 20.7939 20.8780 2.3795
44.4716 4.4461 20.8306 20.9190 7.1300 28.2698 3.2126 20.8244 20.9119 3.3663
55.1824 5.1696 20.8565 20.9468 10.1097 33.6281 3.5801 20.8468 20.9322 4.4668
66.2153 5.9404 20.8669 20.9631 13.7193 38.9563 3.9326 20.8660 20.9507 5.6844
23.1011 3.0558 20.9190 21.0074 2.3886 44.3288 4.3036 20.8763 20.9630 7.0106
28.4241 3.3932 20.9371 21.0215 3.3914 55.0365 5.0263 20.8860 20.9734 9.9676
33.7672 3.7546 20.9411 21.0252 4.5126 66.0779 5.8064 20.9025 20.9933 13.5637
39.1137 4.1077 20.9614 21.0370 5.7312
Table B.3: Experimental results obtained on Si-5 with CO2 as working gas. Recalculated raw data
is shown in Figure 6.1 on page 80. Measurements are performed under isothermal conditions without
varying temperature. Units of values are as follows: p in (kPa); θ in (◦C); m˙ in
(×10−9 kg s−1).
pi po θi θo m˙... pi po θi θo m˙
Nozzle direction
12.2343 2.1531 21.1052 21.1986 1.1513 28.7030 3.7197 21.2806 21.3719 5.2514
15.0085 2.4351 21.1327 21.2318 1.7689 34.2151 4.2368 21.2802 21.3714 7.0108
17.7470 2.6891 21.1380 21.2316 2.3961 45.2085 5.2415 21.2864 21.3746 11.0370
20.4918 2.9449 21.1556 21.2604 3.0453 56.4596 6.2681 21.2890 21.3770 15.8757
23.2455 3.2031 21.1794 21.2796 3.7561 12.7243 2.6561 21.2103 21.2723 1.1461
28.7277 3.7024 21.1897 21.2938 5.3178 15.4197 2.8757 21.2372 21.3000 1.7550
34.2209 4.2092 21.2046 21.3027 7.0547 18.1375 3.1096 21.2417 21.3047 2.3746
45.1965 5.2064 21.2173 21.3144 11.0729 20.8723 3.3522 21.2524 21.3136 3.0378
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56.4372 6.2319 21.2316 21.3247 15.9074 23.6080 3.6009 21.2677 21.3264 3.7534
12.2014 2.1582 21.2533 21.3372 1.1083 29.0236 4.0360 21.2832 21.3365 5.3265
14.9396 2.4203 21.2707 21.3617 1.7043 34.4882 4.5114 21.2886 21.3416 7.0863
17.6985 2.6855 21.2866 21.3793 2.3053 45.4116 5.4503 21.2928 21.3468 11.1259
20.4444 2.9488 21.2897 21.3812 2.9799 56.6454 6.4661 21.2999 21.3527 15.9655
23.2110 3.2147 21.2889 21.3786 3.6735
Diﬀusor direction
12.3269 2.2203 21.4508 21.5223 0.9338 29.0254 4.0259 21.2506 21.3250 4.6252
15.0550 2.4615 21.4522 21.5252 1.4091 34.4493 4.4620 21.2650 21.3338 6.1950
17.8007 2.7101 21.4396 21.5089 1.9533 45.3301 5.3494 21.2709 21.3408 9.8305
20.5224 2.9416 21.4265 21.4928 2.5089 56.5055 6.3027 21.2887 21.3544 14.3194
23.2612 3.1943 21.4117 21.4812 3.1479 12.0555 1.9955 21.2431 21.3366 0.9285
28.6775 3.6228 21.4046 21.4716 4.5140 14.9919 2.4410 21.2481 21.3399 1.4379
34.1473 4.1017 21.4068 21.4725 6.0758 17.7796 2.7350 21.2537 21.3461 1.9668
45.0841 5.0577 21.3846 21.4526 9.7385 20.5620 3.0305 21.2538 21.3428 2.5523
56.3677 6.0840 21.4063 21.4725 14.2457 23.3460 3.3284 21.2480 21.3378 3.1745
12.8550 2.7939 21.1585 21.2393 1.0021 28.8081 3.8133 21.2556 21.3458 4.5578
15.5516 2.9982 21.1943 21.2781 1.5125 34.3103 4.3214 21.2554 21.3415 6.1505
18.2494 3.2076 21.1898 21.2720 2.0471 45.2502 5.2781 21.2532 21.3435 9.8184
20.9446 3.4141 21.2160 21.2962 2.6281 56.4663 6.2811 21.2578 21.3444 14.3248
23.6260 3.6031 21.2314 21.3093 3.2321
Table B.4: Experimental results obtained on Si-7 with CO2 as working gas. Recalculated raw data
is shown in Figure 6.3 on page 83. Measurements are performed under isothermal conditions without
varying temperature. Units of values are as follows: p in (kPa); θ in (◦C); m˙ in
(×10−9 kg s−1).
pi po θi θo m˙... pi po θi θo m˙
Nozzle direction
23.0926 3.0334 21.5798 21.5960 2.2992 55.4585 5.4977 21.5710 21.6458 10.7700
28.4863 3.4468 21.5882 21.6129 3.3888 66.5719 6.4067 21.5919 21.6633 14.7532
33.8895 3.8690 21.5988 21.6201 4.6011 77.4734 7.3196 21.6054 21.6771 18.7808
44.6758 4.6831 21.6092 21.6311 7.4371 22.8604 2.8453 21.3599 21.4530 2.2937
55.5145 5.5407 21.6220 21.6418 10.7923 28.2511 3.2623 21.3936 21.4781 3.3821
66.6277 6.4257 21.6340 21.6568 14.7781 33.6778 3.6912 21.3988 21.4851 4.6331
77.4741 7.3136 21.6471 21.6694 18.7797 44.4877 4.5145 21.4212 21.4987 7.4964
22.8078 2.8205 21.5288 21.6189 2.2264 55.3387 5.3706 21.4313 21.5168 10.8608
28.2562 3.2796 21.5303 21.6232 3.3267 66.4455 6.2599 21.4528 21.5324 14.8500
33.7165 3.7426 21.5371 21.6270 4.5477 77.3136 7.1505 21.4669 21.5453 18.8058
44.5618 4.5961 21.5441 21.6280 7.4099
Diﬀusor direction
22.7559 2.7899 21.4232 21.4783 1.9840 22.6879 2.6709 21.4469 21.5432 1.9194
22.7923 2.6812 21.4098 21.4731 1.9700 28.0594 3.0579 21.4724 21.5674 2.8638
33.5592 3.4676 21.4462 21.5014 4.0035 33.4416 3.4534 21.4881 21.5768 3.9623
44.3501 4.2795 21.4619 21.5167 6.5776 44.2168 4.2462 21.4991 21.5878 6.5127
55.1564 5.1017 21.4755 21.5283 9.6523 55.0269 5.0623 21.5093 21.5951 9.6012
66.3243 5.9936 21.4960 21.5498 13.3728 66.1025 5.9138 21.5220 21.6065 13.2938
77.1693 6.8628 21.5071 21.5616 17.4175 76.9175 6.7456 21.5363 21.6171 17.3091
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Table B.5: Experimental results obtained on Si-9 with various working gases. CO2 data is shown
in Figure 6.1b on page 80 and together with argon data in Figure 6.4 on page 85. Recalculated CO2
data is shown in Figure 6.2 on page 81 and Figure 6.3 on page 83. Argon and oxygen data are used
for calculation of diodicity D which is plotted in Figure 6.3. Nitrogen data is used to perform the
Anderson-Darling test in section 5.2.5. All measurements are performed under isothermal conditions
with partially varying temperature. Units of values are as follows: p in (kPa); θ in (◦C); m˙ in(×10−9 kg s−1).
pi po θi θo m˙... pi po θi θo m˙
Argon, nozzle direction
xxxxxxxxxxxθnom = 7 ◦C 35.5802 5.4379 21.4004 21.3237 1.4140
30.0714 4.8827 6.8696 6.7153 1.2441 51.1754 6.0365 21.4153 21.3365 3.0542
35.2258 5.0757 6.9823 6.8356 1.6872 66.8194 6.6934 21.4151 21.3368 5.0404
50.9246 5.7745 7.0311 6.8890 3.4415 θnom = 25 ◦C
66.6457 6.4972 7.0478 6.9091 5.5792 30.3764 5.1737 25.9321 25.8861 0.9709
30.1754 4.9848 7.0509 6.9165 1.1276 35.5253 5.3712 26.0947 26.0412 1.3346
35.3607 5.2061 7.0513 6.9195 1.6780 51.1092 5.9721 26.1710 26.1234 2.8974
51.0123 5.8623 7.0589 6.9412 3.4490 66.7351 6.6275 26.2167 26.1681 4.7991
66.7039 6.5489 7.0605 6.9376 5.5817 35.5704 5.4582 26.2557 26.2049 1.2279
30.2020 5.0458 7.0464 6.9259 1.1357 51.1460 6.0433 26.2605 26.2137 2.7988
35.4235 5.2623 7.0349 6.9172 1.7044 66.7774 6.6882 26.2717 26.2206 4.7258
51.0666 5.9059 7.0320 6.9147 3.4838 35.6512 5.5335 26.2742 26.2258 1.1609
66.7716 6.6132 7.0188 6.9072 5.6399 51.2135 6.1149 26.2765 26.2279 2.7696
29.9692 4.8020 7.0165 6.9072 1.1448 66.8417 6.7516 26.2791 26.2309 4.6881
35.1943 5.0318 7.0082 6.9001 1.7133 θnom = 30 ◦C
50.8693 5.6993 7.0072 6.9013 3.4903 30.4238 5.2472 30.6833 30.6042 1.0256
66.5824 6.4315 7.0210 6.8991 5.6272 35.6198 5.4375 30.8869 30.8123 1.3481
xxxxxxxxxxθnom = 15 ◦C 51.1583 6.0191 31.0177 30.9262 2.8755
30.3139 5.1261 15.3835 15.2809 1.1238 66.8013 6.6667 31.0757 30.9893 4.7373
35.5197 5.3320 15.4385 15.3407 1.6244 30.4588 5.3312 31.1029 31.0282 0.7432
51.1399 5.9567 15.4695 15.3761 3.3075 35.6731 5.5239 31.1179 31.0397 1.2346
66.8097 6.6454 15.4982 15.4039 5.3420 51.2270 6.0940 31.1261 31.0513 2.7846
30.3871 5.2114 15.5061 15.4158 1.0552 66.8540 6.7213 31.1219 31.0346 4.6729
35.5798 5.4176 15.5097 15.4231 1.5608 35.4961 5.3500 31.1515 31.0743 1.1091
51.1904 6.0355 15.5106 15.4226 3.2575 51.0621 5.9284 31.1669 31.0900 2.6275
66.8525 6.7093 15.5004 15.4084 5.3088 66.6951 6.5755 31.1805 31.0976 4.4917
30.4885 5.3386 15.4770 15.3896 1.0539 35.3971 5.2496 31.1160 31.0376 1.1648
35.6962 5.5390 15.4868 15.4012 1.5655 50.9907 5.8440 31.1139 31.0346 2.7476
51.2791 6.1439 15.5003 15.4154 3.2532 66.6583 6.5239 31.1076 31.0260 4.6180
66.9546 6.8078 15.5349 15.4300 5.2924 35.5230 5.3768 31.0997 31.0261 1.1125
xxxxxxxxxxθnom = 21 ◦C 51.0768 5.9614 31.1139 31.0403 2.6680
30.1904 5.0312 21.3456 21.2717 0.9652 66.7025 6.5902 31.1252 31.0535 4.4965
35.3853 5.2374 21.3369 21.2555 1.4762 35.5674 5.4483 31.1201 31.0333 1.0511
51.0070 5.8558 21.3600 21.2846 3.1418 51.1339 6.0272 31.1133 31.0327 2.6215
66.6763 6.5328 21.3637 21.2853 5.1411 66.7634 6.6580 31.1281 31.0556 4.4768
30.3631 5.2138 21.3887 21.3100 0.8992 30.3099 5.1149 30.7531 30.6870 0.8859
35.5746 5.4152 21.3886 21.3093 1.4301 35.4516 5.3100 30.9292 30.8604 1.2587
51.1644 6.0210 21.3921 21.3126 3.0962 51.0385 5.8944 31.0281 30.9460 2.7632
66.8113 6.6822 21.3972 21.3196 5.0762 66.6630 6.5331 31.0680 30.9945 4.6139
30.3960 5.2381 21.3957 21.3200 0.9049
Argon, diﬀusor direction
xxxxxxxxxxxθnom = 7 ◦C 140.4622 100.4562 21.4543 21.3897 7.4088
35.3732 5.2178 6.8920 6.9293 1.6460 30.1332 4.9899 21.4640 21.4079 0.7269
50.9364 5.8029 6.9432 6.9801 3.2213 35.3066 5.1732 21.4760 21.4260 1.1616
66.5934 6.4644 6.9667 7.0216 5.2010 50.8728 5.7372 21.4743 21.4152 2.6499
29.9963 4.8509 7.0044 7.0550 1.0115 66.4803 6.3628 21.4705 21.4116 4.4660
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35.2095 5.0553 7.0057 7.0552 1.5087 35.4156 5.2705 21.4550 21.3993 1.1518
50.7929 5.6500 6.9951 7.0437 3.1019 50.9525 5.8228 21.4499 21.3935 2.6359
66.4568 6.3216 7.0009 7.0415 5.0909 66.5689 6.4475 21.4465 21.3859 4.4325
30.1023 4.9421 6.9963 7.0443 1.0659 30.3341 5.2180 21.4578 21.3147 0.9936
35.3023 5.1402 7.0047 7.0546 1.5720 θnom = 25 ◦C
50.8716 5.7317 7.0180 7.0685 3.1457 30.2434 5.0722 26.2180 26.0057 0.8226
66.5255 6.3973 7.0231 7.0690 5.1099 35.4017 5.2526 26.3027 26.0878 1.1892
30.2182 5.0280 7.0070 7.0494 1.0916 50.9522 5.7967 26.3445 26.1295 2.6054
35.3695 5.2237 7.0047 7.0440 1.5795 66.5329 6.4070 26.3822 26.1671 4.3602
50.9421 5.8060 7.0040 7.0432 3.1595 30.2934 5.1430 26.4041 26.1931 0.6821
66.5999 6.4642 6.9995 7.0422 5.1422 35.4500 5.3206 26.4145 26.2045 1.1008
xxxxxxxxxxθnom = 15 ◦C 50.9955 5.8615 26.4056 26.1927 2.5234
30.2945 5.1032 15.2783 15.1054 1.1003 66.5933 6.4712 26.4215 26.2102 4.2800
35.5022 5.2898 15.4317 15.2582 1.4665 35.5446 5.4152 26.3944 26.1862 1.0517
51.0334 5.8530 15.4983 15.3270 2.9458 51.0786 5.9499 26.3959 26.1826 2.5194
66.6568 6.4872 15.5264 15.3589 4.8167 66.6775 6.5521 26.3928 26.1777 4.2747
30.3486 5.1791 15.5475 15.3845 0.9177 35.6424 5.4922 26.3864 26.1740 1.0804
35.5341 5.3688 15.5711 15.4093 1.4119 51.1425 6.0138 26.3855 26.1705 2.5222
51.0937 5.9273 15.5912 15.4292 2.8952 66.7534 6.6150 26.3851 26.1704 4.3131
66.7278 6.5575 15.6091 15.4434 4.7627 θnom = 30 ◦C
30.4423 5.2774 15.5876 15.4296 0.8893 35.4210 5.2262 31.2871 30.9622 1.0520
35.6352 5.4595 15.5901 15.4322 1.3609 50.9359 5.7597 31.3188 30.9981 2.4909
51.1884 6.0115 15.5957 15.4395 2.8783 66.5317 6.3645 31.3252 31.0048 4.2023
66.7885 6.6323 15.6103 15.4459 4.7351 35.4988 5.3288 31.3605 31.0206 1.0172
30.5529 5.3829 15.5914 15.4341 0.8888 51.0196 5.8556 31.3503 31.0102 2.4507
35.7105 5.5621 15.5771 15.4185 1.3532 66.6124 6.4531 31.3543 31.0138 4.1645
51.2614 6.1079 15.5660 15.4108 2.8795 35.5679 5.4018 31.3417 31.0030 0.9956
66.8666 6.7179 15.5648 15.4062 4.7583 51.0886 5.9283 31.3440 31.0055 2.4464
xxxxxxxxxxθnom = 21 ◦C 66.6742 6.5183 31.3603 31.0221 4.1579
130.4070 100.3948 21.4536 21.3881 5.1253
Carbon dioxide, nozzle direction
18.6038 3.6094 21.6018 21.4377 0.5579 51.3163 6.2501 21.5299 21.3782 4.7047
21.1949 3.7177 21.6033 21.4388 0.8267 66.8650 6.8172 21.5389 21.3884 7.5405
29.0136 4.0200 21.6057 21.4418 1.6710 51.4551 6.3896 21.3275 21.3264 4.6964
34.2497 4.2565 21.6083 21.4475 2.3176 36.0764 6.0009 21.3200 21.3197 2.3979
49.9197 4.9418 21.6073 21.4434 4.6078 31.0018 5.9175 21.3266 21.3263 1.7561
65.6743 5.7028 21.6105 21.4465 7.4486 23.3686 5.7744 21.3140 21.3147 0.9206
18.4387 3.4527 21.6058 21.4419 0.5582 20.8419 5.7475 21.2993 21.2995 0.6579
21.0493 3.5465 21.6070 21.4442 0.8027 20.8950 5.7978 21.3068 21.3049 0.6748
28.8179 3.8311 21.6077 21.4424 1.6540 23.4518 5.8565 21.2994 21.2960 0.9304
34.0269 4.0408 21.5909 21.4307 2.2820 31.1231 6.0417 21.3275 21.3264 1.7898
49.6646 4.6901 21.5832 21.4238 4.5279 36.2557 6.1839 21.3200 21.3197 2.4176
65.3128 5.3489 21.5543 21.4002 7.3359 51.6876 6.6377 21.3266 21.3263 4.7071
18.4992 3.4947 21.5299 21.3782 0.6037 67.2262 7.2005 21.3140 21.3147 7.5506
21.0954 3.6027 21.5389 21.3884 0.8681 35.3088 10.2584 21.2993 21.2995 2.1531
28.9138 3.9135 21.6018 21.4377 1.7138 40.4044 10.3512 21.3068 21.3049 2.7639
34.1344 4.1523 21.6033 21.4388 2.3546 55.6778 10.6541 21.2994 21.3275 5.1373
49.8351 4.8499 21.6057 21.4418 4.6718 71.0289 11.0181 21.3264 21.3200 8.1261
65.6036 5.6295 21.6083 21.4475 7.5406 35.4842 10.4309 21.3197 21.3266 2.1588
18.5439 3.4757 21.6073 21.4434 0.5057 40.5636 10.5183 21.3263 21.3140 2.8739
21.1392 3.5707 21.6105 21.4465 0.7576 55.8363 10.8145 21.3147 21.2993 5.1439
28.9385 3.8868 21.6058 21.4419 1.6042 71.1891 11.1780 21.2995 21.3068 8.1456
34.1578 4.1106 21.6070 21.4442 2.2536 44.7781 19.7843 21.3049 21.2994 2.6979
49.8170 4.7908 21.6077 21.4424 4.5445 49.8592 19.8626 21.2960 21.2925 3.5985
65.5431 5.5315 21.5909 21.4307 7.4035 65.0592 20.0817 21.2891 21.2759 6.2907
49.9769 4.9462 21.5832 21.4238 4.5697 80.2880 20.3209 21.6077 21.4424 9.5731
34.4680 4.4103 21.5543 21.4002 2.2847 45.2327 20.2483 21.5909 21.4307 2.6777
133
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29.3329 4.2692 21.3275 21.3264 1.6568 50.3245 20.3309 21.3275 21.3264 3.4908
49.9646 4.9359 21.3200 21.3197 4.5715 65.5269 20.5428 21.3266 21.3263 6.2062
21.6403 4.0558 21.3266 21.3263 0.8217 80.7506 20.7918 21.3200 21.3197 9.5400
19.0879 4.0000 21.3140 21.3147 0.5657 45.4156 20.4252 21.3140 21.3147 2.8054
27.1951 4.2265 21.2993 21.2995 1.4693 50.4785 20.4888 21.3068 21.3049 3.6271
20.3790 5.2505 21.3068 21.3049 0.6600 65.6736 20.6897 21.2994 21.2960 6.3301
22.9454 5.3186 21.2994 21.2960 0.9187 80.8933 20.9259 21.3200 21.3197 9.6243
30.6260 5.5182 21.2925 21.2891 1.7587 45.1616 20.1764 21.3140 21.3147 2.6663
35.7663 5.6729 21.2759 21.2666 2.4115 50.2330 20.2421 21.3263 21.3140 3.4554
51.2557 6.1656 21.6058 21.4419 4.7019 65.4008 20.4269 21.3147 21.2993 6.1371
66.8040 6.7306 21.6070 21.4442 7.5346 80.6133 20.6513 21.2995 21.2995 9.3774
20.4551 5.3461 21.6077 21.4424 0.6531 45.5918 20.5885 21.3049 21.3049 2.7868
23.0263 5.4107 21.5909 21.4307 0.9071 50.6409 20.6463 21.3266 21.3263 3.6103
30.7091 5.6112 21.5832 21.4238 1.7557 65.8184 20.8400 21.3140 21.3147 6.3434
35.8521 5.7619 21.5543 21.4002 2.4070 81.0333 21.0645 21.2993 21.2995 9.6807
Carbon dioxide, diﬀusor direction
18.4235 3.4357 21.6018 21.4377 0.4621 55.7546 10.6585 21.3200 21.3197 4.7946
21.0362 3.5320 21.6033 21.4388 0.6916 71.0789 11.0029 21.2994 21.2960 7.6249
28.8101 3.8181 21.6057 21.4418 1.4545 35.8067 10.6684 21.3275 21.3264 1.9365
34.0148 4.0369 21.6083 21.4475 2.0494 40.9101 10.7557 21.3200 21.3197 2.6010
49.6664 4.6918 21.6073 21.4434 4.1567 56.1518 11.0251 21.3266 21.3263 4.9146
65.4129 5.4379 21.6105 21.4465 6.8421 71.4793 11.3576 21.3200 21.3197 7.7399
18.7775 3.7217 21.6058 21.4419 0.4234 35.5245 10.4152 21.3266 21.3263 1.8435
21.3565 3.8048 21.6070 21.4442 0.6399 40.6100 10.4985 21.3140 21.3147 2.5023
29.0838 4.0486 21.6057 21.4418 1.3806 55.8739 10.7771 21.2993 21.2995 4.7991
34.2556 4.2377 21.6083 21.4475 1.9677 71.1889 11.1180 21.3068 21.3049 7.6338
49.8445 4.8369 21.3275 21.3264 4.0758 35.7844 10.6954 21.2994 21.2960 1.8575
65.5176 5.5150 21.3200 21.3197 6.7587 40.9273 10.8527 21.3275 21.3264 2.5184
50.0073 4.9976 21.3266 21.3263 4.1085 56.2821 11.2273 21.3200 21.3197 4.8535
34.5655 4.5211 21.5389 21.3884 2.0120 71.7403 11.7069 21.3266 21.3263 7.7055
29.4520 4.3998 21.6018 21.4377 1.4407 34.8702 19.8814 21.3140 21.3147 1.3426
21.7868 4.2208 21.6033 21.4388 0.6896 37.4562 19.9399 21.2993 21.2995 1.5461
19.2479 4.1753 21.6057 21.4418 0.4703 45.0376 20.0554 21.3068 21.3049 2.5105
18.7588 3.6819 21.6083 21.4475 0.4390 50.1577 20.1710 21.2994 21.3275 3.2893
21.2980 3.7326 21.6073 21.4434 0.6519 65.4039 20.4294 21.3264 21.3200 5.9565
20.4084 5.3045 21.6105 21.4465 0.5701 80.7375 20.7657 21.3197 21.3266 9.1247
22.9640 5.3627 21.6077 21.4419 0.8087 34.9605 19.9485 21.3263 21.3140 1.3522
30.6299 5.5405 21.6070 21.4442 1.5936 37.4735 19.9694 21.3147 21.2993 1.4789
35.7572 5.6775 21.6058 21.4424 2.1853 45.0239 20.0388 21.2995 21.3068 2.7203
51.1933 6.1311 21.5909 21.4307 4.3162 50.0828 20.0980 21.3049 21.2994 3.2936
66.7109 6.6669 21.5832 21.4238 7.0063 65.2510 20.2793 21.2960 21.2925 5.9482
20.5332 5.4409 21.5543 21.4002 0.5598 80.4647 20.4958 21.2891 21.2759 9.0902
23.0874 5.5005 21.3275 21.3264 0.7971 35.5354 20.5494 21.6077 21.4424 1.3673
30.7487 5.6751 21.3200 21.3197 1.5688 38.0801 20.5741 21.5909 21.4307 1.5083
35.8779 5.8133 21.3263 21.3140 2.1781 45.6289 20.6477 21.3275 21.3264 2.5724
51.2919 6.2402 21.3147 21.2993 4.3107 50.6804 20.7026 21.3266 21.3263 3.3440
66.7975 6.7587 21.2995 21.3068 7.0063 65.8697 20.8902 21.3200 21.3197 6.0261
20.4587 5.3578 21.3275 21.3264 0.5719 81.0910 21.1118 21.3140 21.3147 9.2024
23.0083 5.4146 21.3266 21.3263 0.8067 35.0140 20.0447 21.3068 21.3049 1.3276
30.6761 5.5936 21.3200 21.3197 1.5953 37.5400 20.0646 21.2994 21.2960 1.4552
35.8018 5.7298 21.5832 21.4238 2.1914 45.1217 20.1407 21.3200 21.3197 2.7156
51.2323 6.1804 21.5543 21.4002 4.3236 50.1883 20.1996 21.3140 21.3147 3.2895
66.7467 6.7120 21.5299 21.3782 7.0199 65.3500 20.3769 21.3263 21.3140 5.9590
35.4255 10.2958 21.2994 21.2960 1.8485 80.5704 20.5979 21.3147 21.2993 9.1230
40.4861 10.3759 21.3275 21.3264 2.5110
Nitrogen, nozzle direction
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33.1048 8.1172 21.1982 21.1851 1.6015 135.2949 110.2890 21.3667 21.3352 4.1995
38.2581 8.2657 21.2067 21.1930 2.0693 140.3272 110.3268 21.3644 21.3320 5.2363
53.6911 8.7107 21.2019 21.1839 3.6384 155.4005 110.4142 21.3640 21.3321 8.4748
69.2157 9.2322 21.2118 21.1968 5.4376 170.7139 110.5168 21.3679 21.3327 12.0221
17.9339 7.9374 21.3144 21.3141 0.2819 135.4341 110.4362 21.3396 21.3129 4.2220
20.4570 7.9842 21.3401 21.3424 0.4558 140.4577 110.4677 21.3549 21.3251 5.2403
23.0171 8.0427 21.3772 21.3763 0.6599 155.5494 110.5589 21.3593 21.3278 8.4951
25.6054 8.1055 21.4053 21.4094 0.8756 170.8571 110.6626 21.3632 21.3313 12.0420
33.2454 8.2721 21.4024 21.4006 1.5702 130.1826 100.1629 21.3809 21.3311 4.8905
38.3774 8.4073 21.4249 21.4215 2.0801 140.2374 100.2267 21.3852 21.3339 6.9025
53.8257 8.8243 21.4434 21.4395 3.7792 150.3088 100.3028 21.3872 21.3372 9.0171
69.3082 9.3260 21.4463 21.4412 5.6925 130.2820 100.2576 21.3902 21.3407 4.8733
17.8695 7.8625 21.4358 21.4403 0.2548 140.3358 100.3236 21.3987 21.3462 6.8939
20.4084 7.9189 21.4449 21.4465 0.4246 150.4021 100.3963 21.3987 21.3485 9.0115
22.9672 7.9841 21.4535 21.4527 0.5795 29.5699 4.4984 21.1277 21.0659 1.2436
25.5377 8.0482 21.4706 21.4738 0.7568 34.7282 4.6813 21.2220 21.1572 1.7839
33.2380 8.2377 21.4805 21.4809 1.3454 50.3395 5.3109 21.3053 21.2448 3.4142
38.3497 8.3803 21.4814 21.4830 1.7754 66.0422 6.0292 21.3581 21.3043 5.2191
53.8034 8.8179 21.4835 21.4828 3.2809 29.6771 4.6034 21.4285 21.3774 1.0516
20.1290 7.6200 21.5003 21.4990 0.3489 34.8707 4.8194 21.4277 21.3721 1.4503
22.6667 7.6901 21.4920 21.4908 0.5179 29.5411 4.4723 21.4011 21.3498 1.0589
25.2450 7.7655 21.4890 21.4890 0.7042 34.7543 4.6874 21.4127 21.3556 1.4801
25.7333 8.2382 21.4621 21.4622 0.7095 29.5751 4.4864 21.4341 21.3800 1.0102
23.2038 8.2197 21.4644 21.4643 0.5310 34.7932 4.7041 21.4351 21.3799 1.4311
20.6880 8.2034 21.4616 21.4582 0.3661
Nitrogen, diﬀusor direction
15.2877 7.7986 21.1885 21.1775 0.1470 26.1182 8.5772 21.1867 21.1648 0.8330
17.8603 7.8408 21.1854 21.1724 0.2817 23.6006 8.5661 21.2065 21.1832 0.6586
20.3900 7.8884 21.1702 21.1555 0.4461 21.1191 8.5554 21.2031 21.1788 0.5158
22.9287 7.9400 21.1620 21.1487 0.6377 18.6041 8.5390 21.1735 21.1509 0.3795
25.4954 7.9961 21.1703 21.1605 0.8293 16.1058 8.5212 21.1455 21.1187 0.2460
33.1558 8.1479 21.1732 21.1556 1.4396 18.6368 8.5675 21.1417 21.1177 0.3925
38.3039 8.2891 21.1382 21.1162 1.9368 21.1862 8.6225 21.1400 21.1116 0.5370
53.6708 8.6625 21.1689 21.1468 3.5145 23.7468 8.6771 21.1362 21.1067 0.7017
69.1472 9.1302 21.1774 21.1567 5.3004 26.2839 8.7402 21.1355 21.1065 0.8592
15.1648 7.6642 21.1682 21.1515 0.1602 33.9497 8.8977 21.1369 21.1060 1.3937
17.6959 7.7098 21.1602 21.1423 0.3092 39.0611 9.0286 21.1383 21.1102 1.7771
20.2648 7.7664 21.1611 21.1391 0.4518 54.4466 9.4071 21.1321 21.1016 3.1437
22.8120 7.8210 21.1528 21.1356 0.6203 17.7471 7.7436 21.4277 21.4188 0.1922
25.3731 7.8814 21.1640 21.1463 0.7687 20.2937 7.7992 21.4509 21.4421 0.3506
33.0269 8.0449 21.1755 21.1580 1.2987 22.8529 7.8606 21.4537 21.4477 0.5006
38.1880 8.1820 21.1689 21.1504 1.6982 25.4094 7.9184 21.4596 21.4533 0.6626
53.5921 8.5807 21.1717 21.1519 3.0413 33.0865 8.0912 21.4498 21.4445 1.1939
15.2691 7.7685 21.1594 21.1452 0.1514 38.2285 8.2274 21.4674 21.4598 1.5681
17.8345 7.8297 21.1556 21.1396 0.2870 130.1411 100.1528 21.4031 21.3713 4.7898
20.4012 7.8946 21.1504 21.1339 0.4296 140.2939 100.3165 21.4091 21.3769 6.7837
22.9752 7.9675 21.1435 21.1264 0.5751 150.4839 100.5064 21.4142 21.3772 8.8753
25.5300 8.0406 21.1451 21.1303 0.7396 135.3281 110.3366 21.4114 21.3736 4.0990
33.2272 8.2318 21.1332 21.1176 1.2624 140.4911 110.5038 21.4025 21.3626 5.1356
38.3718 8.3873 21.1316 21.1167 1.6526 155.7105 110.7307 21.4139 21.3738 8.3266
53.8246 8.8228 21.1278 21.1096 2.9972 171.3572 111.1771 21.4157 21.3718 11.8486
25.3819 7.8121 21.1189 21.0955 0.8285 136.1557 111.1756 21.3819 21.3474 4.1614
33.0472 7.9846 21.1111 21.0921 1.3354 141.2070 111.2275 21.3852 21.3469 5.1752
38.1687 8.1181 21.0972 21.0774 1.7098 156.3220 111.3394 21.3855 21.3472 8.3979
53.5652 8.5248 21.1044 21.0828 3.0358 171.6665 111.4771 21.3934 21.3555 11.9012
53.7057 8.7305 21.1991 21.1736 3.6295 130.3559 100.3475 21.2842 21.2480 4.8547
69.1757 9.2021 21.1987 21.1767 5.4138 140.4137 100.4118 21.2833 21.2498 6.8415
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53.8955 8.9069 21.1852 21.1583 3.4756 150.4746 100.4838 21.2981 21.2634 8.9530
38.6368 8.6412 21.1718 21.1455 1.9487 135.5656 110.5722 21.3932 21.3591 4.1810
33.5928 8.5909 21.1475 21.1205 1.5303 140.5986 110.6057 21.3945 21.3595 5.1958
23.0925 8.0674 21.1723 21.1482 0.6713 155.6877 110.7001 21.3958 21.3612 8.4050
25.6391 8.1294 21.1789 21.1548 0.8326 171.0070 110.8046 21.3987 21.3618 11.9069
33.3072 8.2993 21.1698 21.1463 1.3497 29.5342 4.3564 21.1275 21.0451 0.9654
38.4388 8.4365 21.1837 21.1574 1.7360 34.7206 4.5616 21.2274 21.1451 1.3075
53.8414 8.8390 21.1848 21.1606 3.0693 29.7320 4.6091 21.3949 21.3329 0.9667
38.9903 8.9471 21.0754 21.0456 1.8875 34.9376 4.8099 21.3821 21.3186 1.3010
54.3446 9.3275 21.0899 21.0554 3.2482 29.6416 4.5048 21.4073 21.3480 0.8891
69.7891 9.7846 21.1122 21.0805 4.8804 34.7924 4.7001 21.4082 21.3493 1.2529
54.0069 9.0014 21.1930 21.1675 3.0680 29.7258 4.6048 21.4041 21.3438 0.8789
38.7603 8.7269 21.1883 21.1618 1.7452 34.9183 4.8000 21.4064 21.3443 1.2560
33.6948 8.6731 21.1754 21.1537 1.3504
Oxygen, nozzle direction
30.1390 4.9748 21.3409 21.2627 1.0998 51.0438 5.9026 21.3378 21.2626 3.1028
35.3388 5.1820 21.3532 21.2814 1.5774 65.5994 5.8650 21.3403 21.2632 4.8769
50.9463 5.8093 21.3613 21.2879 3.0726 30.1139 4.9573 21.3433 21.2700 1.1532
66.1183 5.9890 21.3650 21.2911 4.8677 35.3229 5.1682 21.3435 21.2720 1.5926
30.2365 5.0836 21.3568 21.2868 1.1682 50.9336 5.7933 21.3415 21.2681 3.0824
35.4383 5.2896 21.3468 21.2756 1.6145 66.6136 6.4747 21.3446 21.2723 4.8521
Oxygen, diﬀusor direction
35.0539 4.8893 21.1732 21.1054 1.4318 35.1453 5.0349 21.4327 21.3774 1.2678
50.6320 5.5003 21.2753 21.2048 2.7313 50.7251 5.6194 21.4462 21.3895 2.6108
66.3200 6.1793 21.3298 21.2725 4.3427 66.3519 6.2643 21.4485 21.3955 4.2397
29.9995 4.8339 21.3634 21.3088 0.9829 29.9162 4.7654 21.1928 21.1287 0.9829
35.1655 5.0283 21.3818 21.3266 1.3760 35.0615 4.9595 21.3467 21.3014 1.3058
50.7383 5.6090 21.4013 21.3459 2.6859 50.6318 5.5438 21.4216 21.3762 2.6200
66.3854 6.2595 21.4231 21.3701 4.3043 66.2711 6.1970 21.4696 21.4194 4.2149
30.0654 4.9458 21.4247 21.3716 0.9431 30.0002 4.8923 21.5065 21.4683 0.8628
35.2554 5.1358 21.4252 21.3709 1.3244 35.1909 5.0864 21.5268 21.4826 1.2482
50.8353 5.7093 21.4334 21.3794 2.6567 50.7519 5.6645 21.5438 21.4939 2.5679
66.4568 6.3479 21.4360 21.3792 4.2735 66.3725 6.3082 21.5738 21.5189 4.1692
29.9675 4.8382 21.4308 21.3759 0.8623
Table B.6: Experimental results obtained on silanized Si-9 with carbon dioxide and argon as working
gases. Data is plotted in Figure 6.4 on page 85. Measurements are performed under isothermal
conditions without varying temperature. Units of values are as follows: p in (kPa); θ in (◦C); m˙ in(×10−9 kg s−1).
pi po θi θo m˙... pi po θi θo m˙
Argon, nozzle direction
36.6080 6.4500 20.9301 20.7964 2.7862 93.9851 53.8190 20.9752 20.8332 7.5806
46.9584 6.8100 20.9263 20.7949 4.3341 104.0903 53.9599 20.9721 20.8262 10.1952
57.3554 7.1920 20.9259 20.7910 6.0995 114.2596 54.1308 20.9792 20.8292 12.9892
67.7526 7.6060 20.9248 20.7922 8.0329 104.6336 54.4922 20.9696 20.8240 10.2480
40.1900 10.0449 20.9489 20.8110 2.7725 94.9073 54.7619 20.9572 20.8152 7.6752
50.4484 10.2890 20.9465 20.8104 4.4090 85.1213 54.9696 20.9577 20.8158 5.2796
60.7016 10.5575 20.9464 20.8113 6.2382 95.2532 55.1045 20.9541 20.8103 7.6879
71.0082 10.8643 20.9492 20.8121 8.2296 105.3835 55.2474 20.9579 20.8131 10.3038
45.1730 15.0161 20.9506 20.8127 3.0330 115.5589 55.4190 20.9667 20.8232 13.1391
55.3626 15.2005 20.9521 20.8163 4.7613 34.3044 4.1392 20.9893 20.8541 2.3874
65.5737 15.4109 20.9527 20.8151 6.6008 44.8109 4.6336 20.9906 20.8549 3.9031
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75.7939 15.6488 20.9543 20.8183 8.7113 55.2979 5.1425 20.9932 20.8576 5.6088
55.0710 24.9203 20.9504 20.8141 3.5674 65.8238 5.6687 20.9950 20.8576 7.5316
65.2220 25.0581 20.9552 20.8207 5.4535 130.4070 100.3948 21.4536 21.3881 7.1754
75.3640 25.2179 20.9627 20.8243 7.5400 140.4622 100.4562 21.4543 21.3897 10.3723
85.5378 25.3957 20.9642 20.8234 9.8193 150.5220 100.5275 21.4594 21.3875 13.8197
70.2190 40.0519 20.9734 20.8323 4.4142 120.4584 100.4462 21.4639 21.3958 5.6745
80.3199 40.1650 20.9725 20.8314 6.5503 28.1969 4.0331 20.9809 20.8447 1.5486
90.4339 40.3033 20.9756 20.8321 8.8772 38.6489 4.4903 20.9770 20.8420 2.9297
100.5837 40.4495 20.9670 20.8233 11.4299 49.1237 4.9751 20.9882 20.8494 4.5293
83.8392 53.6988 20.9798 20.8369 5.1677 59.6250 5.4785 20.9905 20.8510 6.3202
Argon, diﬀusor direction
35.8810 3.7163 21.0398 20.8839 2.1661 71.1840 11.0233 21.0141 20.8570 7.3148
46.3742 4.2164 21.0354 20.8741 3.6122 49.6663 19.5090 21.0197 20.8700 2.9605
56.8927 4.7278 21.0321 20.8709 5.2158 59.8238 19.6594 21.0240 20.8690 4.5846
67.3994 5.2473 21.0276 20.8650 6.9472 69.9997 19.8206 21.0259 20.8698 6.4369
54.9583 4.7973 21.0046 20.8436 4.8707 80.1769 20.0160 21.0315 20.8743 8.4334
44.6213 4.4506 20.9842 20.8241 3.3819 73.1796 43.0355 21.0256 20.8704 4.3548
34.2901 4.1183 20.9644 20.8067 2.0576 83.2875 43.1340 21.0321 20.8743 6.4564
49.9346 4.7797 20.9590 20.7985 4.1273 93.4204 43.2590 21.0378 20.8789 8.7691
60.4219 5.2595 20.9650 20.8043 5.8026 103.5502 43.4045 21.0379 20.8753 11.2385
66.7292 5.5701 20.9784 20.8175 6.9013 26.7308 6.5479 21.0308 20.8815 1.0014
130.2480 100.2331 21.4482 21.4026 7.6279 36.9716 6.8083 21.0363 20.8852 2.1527
140.3103 100.3046 21.4528 21.4028 11.3027 47.2889 7.1108 21.0424 20.8927 3.5491
150.3732 100.3790 21.4512 21.3946 15.2135 57.6183 7.4470 21.0429 20.8912 5.1200
130.3123 100.3116 21.4406 21.3935 7.9408 50.5642 7.4092 21.0205 20.8696 3.9971
140.3747 100.3775 21.4465 21.3975 11.5604 40.4349 7.2640 20.9986 20.8468 2.6084
150.4543 100.4546 21.4485 21.3943 15.3384 30.2915 7.1157 20.9934 20.8412 1.3603
35.9493 5.7657 20.9908 20.8327 2.1419 52.8792 7.7187 21.0118 20.8544 4.3629
46.2735 6.1007 20.9878 20.8270 3.4844 60.1176 7.9598 21.0160 20.8619 5.5503
56.6428 6.4767 20.9929 20.8328 5.0363 67.3730 8.2248 21.0156 20.8624 6.8152
67.0431 6.8852 20.9937 20.8326 6.8083 29.5460 4.3567 21.0454 20.8816 1.5060
40.4152 10.2448 21.0001 20.8445 2.4238 39.9192 4.7537 21.0502 20.8920 2.7644
50.6425 10.4715 21.0098 20.8520 3.8473 50.3528 5.1904 21.0397 20.8818 4.2271
60.8926 10.7295 21.0101 20.8542 5.4634
Carbon dioxide, nozzle direction
34.1379 4.0391 21.1989 20.7368 2.6323 40.6102 10.5191 21.1796 20.7295 3.0594
44.5480 4.4604 21.1845 20.7184 4.1286 50.8051 10.7198 21.1728 20.7169 4.6965
55.0228 4.9251 21.1600 20.6906 5.8449 61.0402 10.9597 21.1799 20.7263 6.5300
65.4835 5.4100 21.1457 20.6759 7.8219 71.2930 11.2311 21.1940 20.7399 8.5974
34.2576 4.1534 21.1439 20.6768 2.6396 40.4209 10.3689 21.2034 21.0652 2.8686
44.6620 4.5761 21.1513 20.6878 4.1315 50.6115 10.5682 21.1768 21.0350 4.4778
55.1057 5.0290 21.1760 20.7135 5.8389 60.8426 10.8043 21.1654 21.0194 6.3243
65.5784 5.5148 21.2066 20.7471 7.8193 71.1140 11.0790 21.1485 21.0142 8.4026
34.0187 3.9457 21.0238 20.8676 2.5580 50.3247 20.2444 21.2123 20.7589 3.7248
44.4469 4.3870 21.0242 20.8634 4.0231 60.4652 20.3908 21.2194 20.7663 5.5562
54.9160 4.8631 21.0538 20.8901 5.7411 70.6362 20.5647 21.2281 20.7723 7.5810
65.4020 5.3602 21.0656 20.9202 7.7040 80.8163 20.7580 21.2371 20.7798 9.8480
55.1570 5.1269 21.1879 21.0484 5.6786 50.5262 20.4451 21.2318 20.7672 3.7050
44.9130 4.8879 21.2389 21.1045 3.9376 60.6669 20.5884 21.2323 20.7677 5.5394
34.6807 4.6574 21.2659 21.1347 2.4362 70.8163 20.7552 21.2346 20.7789 7.5872
45.0741 5.0622 21.2767 21.1430 3.9142 81.0157 20.8865 21.0422 20.5930 10.1101
55.4995 5.4919 21.2849 21.1460 5.6407 50.2201 20.1541 21.1446 21.0000 3.5766
65.9465 5.9531 21.2702 21.1306 7.5920 60.3508 20.2980 21.1392 20.9941 5.4071
35.7285 5.6408 21.2289 20.7699 2.7192 70.5013 20.4564 21.1392 20.9939 7.4670
46.0517 5.9732 21.2325 20.7711 4.2178 80.6890 20.6529 21.1442 21.0069 9.7220
56.4241 6.3532 21.2439 20.7797 5.9687 120.0583 89.9810 21.2581 20.7613 8.5581
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Appendix B
66.8285 6.7666 21.2534 20.7928 7.9477 130.1882 90.1194 21.2704 20.7799 11.9392
35.8565 5.7690 21.2390 20.7785 2.6881 140.6144 90.2674 21.2832 20.7901 15.6415
46.1665 6.0867 21.2360 20.7732 4.2221 151.1856 90.8512 21.3045 20.8140 18.8631
56.5107 6.4388 21.2302 20.7707 5.9788 142.2235 91.8845 21.2804 20.7950 15.8316
67.0012 6.9334 21.2011 20.7424 8.0070 132.4397 92.3844 21.2591 20.7766 12.1483
56.9928 6.9147 21.1642 20.7032 6.0676 132.6667 92.6052 21.2645 20.7803 12.1654
46.8763 6.7920 21.1574 20.6982 4.3097 143.0576 92.7205 21.2598 20.7794 15.9137
46.9525 6.8656 21.1519 20.6913 4.3154 153.1826 92.8537 21.2686 20.7869 18.8748
57.2627 7.1845 21.1498 20.6896 6.0908 120.0543 90.0167 21.1486 21.0073 8.4212
67.6031 7.5345 21.1545 20.6937 8.0856 130.1791 90.1520 21.1535 21.0109 11.8386
35.6726 5.6122 21.1450 21.0044 2.5557 140.7411 90.4353 21.1522 21.0166 15.4959
46.0094 5.9511 21.1388 20.9946 4.0737 150.9426 90.7225 21.1344 20.9957 18.8402
56.3704 6.3250 21.1301 20.9965 5.8297 141.8029 91.5731 21.0956 20.9560 15.6232
66.7747 6.7432 21.1678 21.0475 7.8029 132.1538 92.1241 21.0746 20.9322 12.0077
40.4262 10.3360 21.1756 20.7238 3.0617 122.6018 92.5668 21.0911 20.9493 8.6021
50.6321 10.5558 21.1762 20.7261 4.6595 132.8287 92.8107 21.1634 21.0327 12.0175
60.8825 10.8119 21.1737 20.7206 6.5084 143.3006 93.0358 21.2056 21.0758 15.7934
71.1697 11.1074 21.1771 20.7213 8.5734 153.4735 93.2860 21.2488 21.1182 18.8660
Carbon dioxide, diﬀusor direction
34.2538 4.0674 21.0947 20.6882 2.2830 40.4980 10.3986 20.8830 20.7646 2.8564
44.6248 4.4556 21.0911 20.6861 3.6654 50.6796 10.5923 20.9021 20.7788 4.3282
55.0463 4.8957 21.0908 20.6840 5.2770 60.8980 10.8200 20.9220 20.7934 6.0625
65.5272 5.3825 21.1510 20.7636 7.0856 71.1522 11.0831 20.9499 20.8188 8.0154
34.0947 4.0032 20.9418 20.7916 2.3039 50.3380 20.2071 21.1908 20.8109 3.5424
44.4869 4.4020 20.9657 20.8193 3.6335 60.5029 20.3687 21.1875 20.8115 5.2718
54.9094 4.8422 20.9973 20.8496 5.2089 70.6401 20.5089 21.1824 20.8011 7.2140
65.3689 5.3139 21.0030 20.8539 7.0510 80.9538 20.8422 21.1919 20.8127 9.4011
55.1532 5.0894 20.9691 20.8230 5.2426 71.2700 21.1828 21.2078 20.8295 7.2782
44.9461 4.8678 20.9531 20.8115 3.6801 61.4058 21.3129 21.1884 20.8104 5.3648
34.7470 4.6575 20.9263 20.7933 2.3419 61.5089 21.4114 21.1901 20.8116 5.3785
45.1018 5.0209 20.9174 20.7863 3.6932 71.6343 21.5537 21.1914 20.8142 7.3486
55.4817 5.4144 20.9147 20.7818 5.3139 81.7294 21.6467 21.1866 20.8070 9.5282
65.9107 5.8501 20.9075 20.7736 7.1705 50.3327 20.2491 20.9148 20.7819 3.5983
35.9044 5.7304 21.3191 20.9407 2.3305 60.4559 20.3863 20.9465 20.8135 5.3079
46.1896 6.0372 21.3557 20.9783 3.7698 70.6168 20.5553 20.9733 20.8422 7.2216
56.5359 6.4049 21.3791 21.0000 5.4158 80.8016 20.7409 20.9961 20.8596 9.3871
66.9483 6.8216 21.3883 21.0129 7.2633 119.8687 89.7883 21.1889 20.8028 8.5114
35.7811 5.6868 21.4190 21.0570 2.1801 129.9279 89.8593 21.1895 20.8021 11.8425
46.0744 5.9910 21.3440 20.9623 3.6322 140.3162 89.9620 21.1940 20.8090 15.5084
56.4391 6.3577 21.2782 20.9005 5.3058 150.4480 90.0962 21.1991 20.8091 18.8387
66.8449 6.7686 21.2452 20.8637 7.2099 120.1902 90.1082 21.1553 20.7698 8.5410
35.7363 5.6224 20.6979 20.5812 2.5567 130.2820 90.2120 21.1442 20.7605 11.8813
46.0273 5.9270 20.7193 20.5996 3.9468 140.7164 90.3514 21.1426 20.7559 15.5670
56.3674 6.2761 20.7548 20.6321 5.5575 150.8749 90.5194 21.1450 20.7571 18.8582
66.7551 6.6713 20.8194 20.6984 7.4039 120.1498 90.0748 21.1475 20.7648 8.5095
40.5503 10.4429 21.2254 20.8492 2.7701 130.2714 90.1945 21.1479 20.7571 11.8692
50.7456 10.6371 21.2143 20.8356 4.2660 140.6918 90.3251 21.1468 20.7558 15.5220
60.9670 10.8620 21.2154 20.8329 5.9871 150.8559 90.4994 21.1498 20.7603 18.8474
71.2438 11.1263 21.2089 20.8285 7.9567 71.2082 11.0896 21.1831 20.8035 7.8798
40.5317 10.4190 21.1959 20.8202 2.6024 60.9650 10.8323 21.1881 20.8075 5.8984
50.7443 10.6120 21.1947 20.8149 4.1353
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